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Abstract
Effective heat transfer fluids are pivotal for high-performance thermal management systems. 
Although conventional nanofluids exhibit improved thermal properties, their practical applications 
are often hindered by agglomeration and flow instability. To overcome these challenges, this study 
investigates a hybrid ionanofluid, comprising Al2O3 and Cu nanoparticles dispersed in a water–
[C2mim][CH3SO3] ionic liquid mixture under magnetohydrodynamic (MHD) boundary-layer (BL) 
flow conditions. The study focuses on analyzing how magnetic field strength, heat generation, 
suction, velocity and thermal slip influence the flow and heat transfer characteristics over an 
exponentially stretching or shrinking permeable surface. The governing partial differential 
equations are transformed via similarity variables and solved using MATLAB bvp4c solver. A linear 
stability analysis is performed to distinguish the physically realizable solution branch in cases of 
dual solutions. The results demonstrate that the hybrid ionanofluid substantially enhances both 
skin friction and heat transfer rates compared to conventional hybrid nanofluids, due to the 
combined effects of ionic liquid properties and nanoparticle synergy. Quantitatively, increasing 
Cu fraction (from 0.001 to 0.01) raises the local Nusselt number by  approximately 1.7% and skin-
friction coefficient by approximately 2.7%, while delaying bifurcation onset by approximately 5.4% 
and lowering suction threshold by approximately 2.3%. The findings highlight the superior heat 
transfer capability of hybrid ionanofluids and establish their potential as next-generation working 
fluids in advanced thermal systems.  
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1. Introduction

Technological advancements have highlighted 
the essential role of efficient heat transfer processes 
in various industrial sectors such as thermal 
power, chemical processing, manufacturing, 
and transportation. The development of high-
performance heat transfer fluids is essential for 
enhancing operational efficiency and addressing 
increasing energy demands. Comprehensive reviews 
by Sidik et al. [1] and Huminic and Huminic [2] 
underscore the significant advancements made 
possible by the application of nanofluids. Maxwell 
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[3] was the first to introduce the idea of improving 
the thermal conductivity of a conventional fluid 
through the suspension of micro-sized solid particles. 
Hamilton and Crosser [4] advanced predictive models 
for heterogeneous systems based on this foundation. 
Nonetheless, challenges including particle 
agglomeration and obstruction in flow channels have 
led researchers to investigate nanoscale suspensions. 
Choi and Eastman [5] introduced nanofluids, which 
consist of nanometer-sized particles dispersed in a 
base fluid, effectively reducing flow obstruction and 
significantly enhancing thermal properties. Hybrid 
nanofluids (HyNFs) [6-8] consist of two or more different 
types of nanoparticles dispersed in a base fluid, have 
been developed to improve thermal conductivity 
and convective heat transfer performance. HyNFs 
exhibit enhanced thermophysical characteristics 
compared to mono-nanofluids and conventional 
fluids. Consequently, their heat transfer mechanisms 
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and rheological behaviour have attracted significant 
research attention, reflecting the rapid advancement 
of thermal technologies.

Several studies have investigated on the convective 
heat and flow characteristics of nanofluids. Rohni et 
al. [9] examined the heat transfer rate and BL flow over 
a vertically oriented exponentially shrinking (SHR) 
sheet, identifying that a surface mass flux parameter 
S > 2.2667 is required to sustain a steady flow. 
Sathish et al. [10] conducted comparative analyses 
on the flow behaviour of non-Newtonian fluids on 
exponentially stretched sheets, highlighting distinct 
rheological properties. Merkin et al. [11] investigated 
on flow and heat transfer over a stretching (SCH) 
or shrinking (SHR) cylinder, demonstrating that 
unique solutions exist for SCH surfaces, whereas 
dual solutions emerge for SHR cases. Rehman et al. 
[12] explored the thermophysical characteristics 
of three-dimensional magnetohydrodynamic 
(MHD) stagnation-point flow of nanofluids over 
exponentially SCH surfaces. Further, Ghosh et al. [13] 
analyzed the flow and heat transfer behaviour of 
nanofluids over a SHR sheet incorporating heat and 
mass fluxes. In addition, Lund et al. [14] extended 
the analysis to address the existence of quadruple 
solutions in MHD nanofluid mixed convection 
flows over SHR/SCH vertical plates, supported by 
a detailed stability assessment. Variable viscosity 
and spontaneous convection on the BL flow were 
examined by Manjunatha et al. [15] for HyNFs. The 
authors reported that HyNFs enhance heat transfer 
more effectively than conventional nanofluids. 
Current research on mono and HyNF-based heat 
pipe technologies was reported by Bumataria et al. 
[16]. The thermal conductivity of HyNFs has recently 
been explored experimentally by Huminic et al. [17]. 
This was followed by research on HyNF flow, which 
revealed that the properties of HyNFs increase with 
concentration and temperature rise. Bhattacharyya 
[18] examined the HyNF flow induced by a SHR sheet 
in light of prior work on the boundary layer (BL) over 
non-linear surfaces. Vorticity cannot be limited in 
this fashion to the BL; hence similar solutions would 
not exist. The phenomenon of mixed convection flow 
was examined by Waini et al. [19] using a HyNF and 
a vertical surface that was rapidly stretching and 
shrinking. Furthermore, Dero et al. [20] conducted 
a stability investigation of Cu-C6H9NaO7 and Ag- 
C6H9NaO7 nanofluids using a single-phase model. The 
impact of viscosity on SCH sheets and SHR sheets 
was examined in this study. One solution exists when 
the SCH/SHR parameter λ is greater than a critical 
value λC ; no solution exists when λ is less than λC. The 
critical point at which a solution becomes available 
is indicated by the subscript c. In a HyNF, Khashi’ie 
et al. [21] studied permeable power law deformable 
plates with perpendicular shear. The authors reported 
that λc is commonly observed in the SHR zone and is 
also known as a separation point. Zainal et al. [22] 
employed a bidirectional exponentially stretching 
or SHR sheet to evaluate the heat production or 

absorption in MHD flow for a HyNF. To show the 
stability of the solution, dual solutions were employed 
for the stability study. It was determined numerically 
that the positive eigenvalues of the upper branch 
were physically more stable than the lower branch’s 
negative eigenvalues. As proven by Rao’s research 
[23] the nanofluid stability is depends strongly on 
both working fluid performance and nanofluid 
preparation. Although the study of BL behavior on 
nonlinear surfaces has attracted growing attention, 
investigations specifically addressing exponential 
SCH or SHR surfaces remain relatively limited.

A new class of fluids, termed ionanofluids, 
has been introduced by Ribeiro et al. [24], where 
nanoparticles are suspended within ionic liquids 
rather than traditional solvents. Ionanofluids 
exhibit unique thermophysical properties [25-
32]. While prior research has primarily focused on 
improving the thermal conductivity and viscosity of 
ionic liquids through the addition of nanoparticles 
like multi-walled carbon nanotubes, graphene, or 
Al₂O₃ nanoparticles, comprehensive studies on 
the convective transport behavior of ionanofluids, 
especially under BL configurations, are limited. The 
synergistic combination of low volatility, high thermal 
stability of ionic liquids, and enhanced transport 
properties of nanoparticles reveal ionanofluids 
as promising candidates for next-generation heat 
transfer applications, including solar thermal 
energy systems [26-29]. Reported enhancements 
of up to 30% in thermal conductivity and 10% in 
specific heat capacity further confirm their potential 
[31,32]. Asghar et al. [33] investigated slip effects on 
magnetized radiatively hybridized ferrofluid flows 
and highlighted the occurrence of dual solutions 
with stability implications. Recent studies [34-40] 
have further explored multiple solution behaviors 
and stability analyses in HyNF and ionanofluid 
flows under magnetic, radiative, porous, and slip 
conditions, providing valuable insights into boundary-
layer dynamics. Additional investigations by Ramya et 
al. [41] and Peiravi and Ashabi [42] have examined 
the influence of magnetic fields on nanofluid flows 
over stretching sheets, contributing to a deeper 
understanding of MHD effects in boundary-layer 
phenomena.

From the above literature review, it is evident 
that while substantial progress has been made 
in understanding nanofluid and HyNF flows over 
nonlinear and exponentially deforming surfaces, 
and significant efforts have been devoted to the 
thermophysical characterization of ionanofluids, a 
critical research gap still persists. Specifically, the 
integration of hybrid ionanofluids that synergistically 
combine the improved heat transfer characteristics 
of ionic liquids and nanoparticles into BL MHD 
flow configurations remains relatively unexplored. 
Furthermore, the combined effects of magnetic 
fields, internal heat generation, and velocity and 
thermal slip conditions on the dual solution behavior 
and stability characteristics of hybrid ionanofluid 
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flows over exponentially SHR surfaces have not 
been thoroughly investigated. The complex interplay 
between these processes may greatly impact the 
flow dynamics and heat transfer performance but 
has received limited attention in previous research. 
Therefore, a comprehensive numerical analysis 
addressing these linked effects is both timely and 
necessary to bring new insights into the potential 
of hybrid ionanofluids for advanced heat transfer 
applications.

To address the identified research gaps, a set of 
questions is formulated: How do hybrid ionanofluids 
affect local skin friction (Cf) and heat transfer on 
permeable exponentially SCH and SHR surfaces? 
What are the effects of magnetic field, suction, 
nanoparticle concentration, thermal slip, and heat 
generation on momentum and thermal BLs? Under 
what conditions do dual solutions appear, and which 
branch is physically stable? These questions can 
guide the numerical investigation and interpretation 
of the results. Based on these questions, the objective 
of our study is directed to numerically evaluate the 
steady BL flow and heat transfer behavior of a hybrid 
ionanofluid across a porous, exponentially diminishing 
surface in the incidence of a transverse magnetic field, 
internal heat production, and thermal slip effects. 
Al2O3-Cu nanoparticles are selected because of 
their complementing properties: Cu offers excellent 
thermal conductivity, while Al2O3 gives stability, low 
cost, and chemical resistance. Since water lowers 
viscosity and costs and ionic liquids improve thermal 
stability and nanoparticle dispersion, dispersing 
them in a water–[C₂mim][CH₃SO₃] ionic liquid 
mixture improves heat transmission, stability, and 
energy performance. Overall, this hybrid nanofluid 
outperforms traditional systems in terms of heat 
transport efficiency. To achieve these objectives 
a hybrid suspension of copper (Cu) and alumina 
(Al₂O₃) nanoparticles distributed in a water–[C₂mim]
[CH₃SO₃] ionic liquid mixture is regarded as the 

working fluid. To the best of the authors’ knowledge, 
this constitutes the first effort to explore MHD BL flow 
and dual solution stability for hybrid ionanofluids 
across nonlinear exponentially shrinking surfaces. 
The governing equations are solved using MATLAB 
bvp4c, and a linear stability analysis is performed to 
locate the physically realizable solution. Parametric 
investigations are carried out to understand the 
impact of magnetic field strength, nanoparticle 
concentration, heat generation, suction, and slip 
parameters on the velocity, temperature, SFC and 
Nu. The findings provide critical insights into the local 
behavior of skin friction and heat transfer, which 
are significant for applications requiring enhanced 
convective heat transfer and controlled boundary 
layer development, including microchannel heat 
exchangers, electronic cooling systems, and solar 
thermal devices.

2. Mathematical modelling

Figure 1 illustrates the physical models. The velocity 
is defined as ( ) 0=

x
L

wu x U e ,  where 
0U   and L are constant 

velocity and characteristic surface length. The y direction 
is affected by the magnetic field variable ( ) 0=

x
LB x B e , 

where 
0B  is the constant. The volumetric heat generation 

(or absorption) is given by ( ) 0=
x

LQ x Q e , where 
0Q  is the 

constant for the heat sink or source. It ignores the impact 
of viscous dissipation. The wall temperature is considered 
as ( ) 0∞= +

x
L

wT x T T e , where 
∞T  and 0  T are the ambient 

temperature and the reference temperature. 
0 0 >T is 

known as secondary flow, and 0 0 <T is leading flow. Also, 
the nanoparticles are assumed to be of the same size of 
10-9 m. Due to the synthesis of stable hybrid ionanofluid, 
the aggregation of nanoparticles is disregarded. In the 
energy equation, the effect of heat radiation along the y 
axis on heat transfer is accounted for. Consequently, the 
continuity, the momentum, and the energy equations are 
(1) to (3), in that order. All the notations used in equations 
(1) to (3) are described in the Nomenclature.

 

Figure 1. Physical models of (a) SCH  (λ > 0)  and (b) SHR sheet (λ < 0). 
  

b) a) 
Figure 1. Physical models of (a) SCH  (λ>0)  and (b) SHR sheet λ<0.



Research Article Int. J. Nanosci. Nanotechnol.

126 | IJNN, 2025, 3, 123-136 Datta A et al

Based on the BL assumptions, the governing equations 
([43] and [44]), are written as follows:

0u u
x y
∂ ∂

+ =
∂ ∂

� (1)

( )
2

2
2

inf inf

inf inf

u u uu v B x u
x y y

µ σ
ρ ρ

 ∂ ∂ ∂
+ = − ∂ ∂ ∂ 

� (2)

	

( )
( )

( ) ( )
2

2
inf

P Pinf inf

k Q xT T Tu v T T
x y C y Cρ ρ ∞

 ∂ ∂ ∂
+ = + − ∂ ∂ ∂ 

� (3)

The boundary conditions (BCs) proposed by Ghosh 
and Mukhopadhyay [45], Mukhopadhyay and Andersson 
[46] are:

( ) ( )

( )

1

1

, ,  

 0

inf
w w

inf

w

uu u x A v v x
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TT T x B at y
y

µ
λ

ρ
 ∂

= + = ∂ 

 ∂
= + = ∂ 

,� (4)

 0,  u T T as y∞ ∞→ → → �

where A1 and B1 are the velocity and thermal slip 
factors, correspondingly. The previously mentioned 
governing equations are reduced into (Waini et al. [44], 
Eid and Nafe [48]):
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2
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x

L
fe V Lcfψ η=

	

( )
2

,  
2

x
L

w f

T T cye
T T V L

∞

∞

θ η η−
= =

−

		
	�  (5)

where ψ  is the stream function and is defined as  

u
y
ψ∂

=
∂

 and v
x
ψ∂

= −
∂

  and equations (2) and (3) becomes 

into following equations:
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/ /
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The transformed BCs are:

( ) ( ) ( ) ( ) ( )' 00 ,  0 , 0 1 0f S f Af Bλ θ θ′ ′= = + ′= +

( ) ( )0, 0    f asη θ η η ∞→ ′ → →′ 		�    (8)

Introducing the Prandtl number,
( )

 
f p f

f

C
Pr

k

µ
= , the 

heat generation parameter, ( )
02 

P f

Q L
c C

β
ρ

= , the velocity 

slip parameter, ( ) /2
1 / / 2x L

inf inf fA A e c v Lµ ρ= , the thermal 

slip parameter, /2
1 / 2x L

fB B e c v L= , the wall mass transfer 

parameter, 0

/ 2f

vS
v c L

= − - in which mass suction is 

00 ( . ., 0)S i e v< >  and mass injection is 
00 ( . ., 0)S i e v> < , the 

local SFC fC  and local Nu ( )xNu  are computed as in Hayat 

and Nadeem [48]:
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The transformed equations finally become:

( )1/2 0inf
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where 2 /x w fRe Lu v=  is local Re. The equations are solved 
with the BCs equation (8). Since the boundary layer 
thickness, velocity gradients, and heat transfer rates 
evolve with x direction, using Rex enables accurate 
representation of the local variations in skin friction and 
heat transfer.

3. Flow stability

The flow stability study is carried out because dual 
solutions can be computed. To achieve this, time-
dependent terms are introduced into equations (2) and 
(3), making them:

( )
2

2
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where t is time. Based on the previous studies (Waini et 
al. [44], Merkin [49], Weidman et al. [50] and Yan et al. 
[51]) variable transformation is as follows:
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Using the transformation, the equations become:
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Restricted conditions:
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The following perturbation is introduced to examine 
the stability of the similarity solutions, ( ) ( )0f fη η= and 
( ) ( )0 :θ η θ η=

( ) ( ) ( )0,f f e Fγτη τ η η−= +

( ) ( ) ( )0, e Gγτθ η τ θ η η−= + � (19)

where   γ is an unknown eigenvalue and ( )F η and 
( )G η are small compared to ( )0  f η and ( )0θ η , respectively 

(Waini et al. [44], Weidman et al. [50], and Yan et al. [51]). 
Equations (16) to (18) can be linearized by substituting 
equation (19) and setting t = 0 to examine the initial 
growth or decay of disturbances in equation (19):
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In accordance with the linearized requirements:

( ) ( )0, 0"F G∞ ∞→ →′  � (22)

Because the majority of the linearized conditions in 
equation (22) have values that are equivalent to zero, it is 
necessary for ( ) 0F ′ ∞ →  to be relaxed and substituted with 

( )0 1 F ′′ = in order to provide a series of eigenvalues that are 
realisable. Consequently, the bvp4c solver is applied to 
determine the unknown eigenvalues, which serve as an 
indicator for determining the stability of the flow. When 
the eigenvalue falls below 0, the flow is considered 
unstable, and when it rises over 0, it is considered stable.

It should be noted that the parameter values used in 
this study were selected to reflect realistic conditions in 
engineering applications. The magnetic parameter M was 
varied to represent moderate electromagnetic effects 
commonly considered in MHD studies. Suction parameter 
S was chosen to explore its effect on BL control, while 
nanoparticle volume fractions ϕp1 and ϕp2 were selected 
based on typical concentrations that enhance thermal 
conductivity without causing excessive viscosity. Thermal 
slip B and heat generation and β values were adopted 
from prior studies to investigate their impact on heat 
transfer and flow characteristics. These selections ensure 
that the results are both physically meaningful and 
relevant to various thermal applications.

4. Thermophysical properties of the hybrid 
ionanofluid

In this paper, a mixture of water–[C2mim][CH3SO3] 
ionic liquid is taken as the base fluid which is hybridized 
with alumina and copper nanoparticles. The volume 
fraction of nanoparticles is varied as 0.001%, 0.005% and 
0.01%. The physical properties of all nanoparticles, water 
and ionic liquids are given in Table 1.

The mass balance is used to determine the hybrid 
ionanofluid density, which is similar to that of the single 
nanofluid [54]:

( )1 1 2 2 1inf p p p p bfρ φ ρ φ ρ φ ρ= + + −

Table 1. Thermophysical properties of nanoparticles, water and ionic liquid.  

Material Density 
(kg/m3) 

Specific heat  
(J/kg.K) 

Thermal conductivity 
(W/m.K) 

Electrical conductivity 
(S/m) References 

Water 998.2 4182 0.597 0.05 Datta and Halder [46] 
Water–IL mixture 

(0.25:0.75) 1237 1771.9 0.201 0.8064 Chereches and Minea [52] 

Al2O3 3880 773 36 35 × 106 Datta and Halder [46] 

Cu 8940 385 390 59.6 × 106 Datta et al. [53] 
 

  

Table 1. Thermophysical properties of nanoparticles, water and ionic liquid.
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1 2p pφ φ φ= + 				�     (23)

The density of the base fluid (ionic liquid) is specified 
by bfρ , and  φ  is the total volume fraction (VF) of two 
different nanoparticles suspended in the ionic liquid, 
where 1pφ  refers to the Al2O3 nanoparticles and 2pφ  
refers to the Cu nanoparticles. The specific heat of the 
hybrid ionanofluid is determined using an energy balance 
identical to that of a single nanofluid:

( )1 1 1 2 2 2  1 .Pinf p p Pp p p Pp Pbf bfC C C Cφ ρ φ ρ φ ρ= + + −  � (24)

Brinkman [55] expanded the Einstein equation to a 
nanoparticle VF of up to 4%:

 
( )2.5

1
1inf bfµ µ

ϕ
=

−
			�    (25)

Several researchers estimated the heat conductivity 
of single  nanofluid using the Maxwell model [3]. To 
determine the hybrid ionanofluid’s thermal conductivity, 
the thermophysical properties of the solid nanoparticles 
and the ionic liquid are substituted into the equation.   The 
revised Maxwell model is:

( )

( )

1 1 2 2
1 1 2 2

1 1 2 2
1 1 2 2

2 2 2

2

p p p p
bf p p p p bf

inf bf
p p p p

bf p p p p bf

k k
k k k k

k k k k
k k k k

φ φ
φ φ

φ
φ φ

φ φ φ φ
φ

+ 
+ + + − 

 =
+ + − + −  

�
� (26)

The Hamilton and Crosser model [4] is used to calculate 
the electrical conductivity of the material. This model is 
then modified based on the Maxwell model [3] and the 
revised equation is:

( )
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1 1 2 2
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+ + − + −  

 �
� (27)

5. Numerical Analysis

For the BL flow and heat enhancement, the governing 
nonlinear ODEs are solved using the bvp4c (boundary 
value problem solver) in MATLAB. The bvp4c solver 
provides the numerical solution using the three-stage 
Lobatto IIIa method proposed by Kierzenka and Shampine 
[56]. This method has a predetermined level of accuracy 
as it starts with guess at the initial mesh points and then 
gradually increases the step size. The tolerance level is 
set to 1010−  in the present computations. In comparison 
to the shooting method and the Keller box method, the 
bvp4c solver produces satisfactory solutions, according 
to Waini et al. [44]. In this analysis, both ( )0λ >  and 
( )0λ <  are considered. Throughout the analysis, Al2O3 
nanoparticles VF is assumed as 2 0.01pφ = . Other 
constraints, for example velocity slip A and thermal slip 
B, magnetic parameter M, Cu nanoparticles VF 2pφ , heat 
generation β , and suction S are altered to analyze the 
effect on BL flow and heat transfer. The structure of the 
process is shown in the flowchart (Figure 2). 

6. Validation

Prior to the detailed analysis of the Cu–Al₂O₃/
water–[C₂mim] [CH₃SO₃] hybrid ionanofluid, a baseline 
simulation was performed using pure water to validate 
the computational model. The numerical results were 
benchmarked against the established data reported 
by Waini et al. [44], Ghosh and Mukhopadhyay [45], 
Hafidzuddin et al. [57], and Ishak [58]. For a viscous 
fluid and a SHR surface condition (λ = −1), the SFC and 
the associated heat transfer quantity are computed 
and compared, as summarized in Table 2 (with S = 3 
and Pr = 0.7). Both the primary and secondary solution 
branches show excellent agreement with the referenced 
studies, demonstrating the robustness of the numerical 
method. This validation confirms that the bvp4c solver 
accurately captures the physical behaviour of the BL flow. 

 

Figure 2. Flowchart of the numerical solution procedure.  

  

Figure 2. Flowchart of the numerical solution procedure.
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Furthermore, the findings underscore that the intensity 
of suction employed in the model plays a critical role in 
suppressing BL separation, thereby facilitating the gradual 
transport of nanoparticles within the flow domain.

Table 3 presents the numerical values of ( )' 0θ−  
for various values of Prandtl number and magnetic 
parameter, which are compared with the results from 
earlier studies [44, 58-60]. This table demonstrates 
numerical results are in close agreement with previously 
reported results. With an increase in the Prandtl number 
the temperature BL thickness decreases and heat transfer 
efficiency increases. Consequently, the heat transfer 
efficiency is improved.

7. Result and discussion

MHD flow and heat transfer with hybrid ionanofluid 
and standard HyNFs are studied numerically to find the 
optimum nanofluids for heat transfer augmentation. 
Figure 3(a) and 3(b) illustrate the variation of 1/2

x fRe C  
and 1/2  x xRe Nu for hybrid ionanofluid and standard hybrid 
nanofluid. In comparison with hybrid ionanofluid and 
HyNFs, the hybrid ionanofluid has a higher value of 

1/2
x fRe C , as shown in Figure 3(a). This occurs because 

the hybrid ionanofluid possesses greater viscosity and 
a thinner velocity boundary layer than the standard 
hybrid nanofluid, resulting in increased wall shear stress 
and, consequently, a larger skin friction coefficient. 
Furthermore, the ionic nature of the base fluid enhances 
momentum transfer near the wall due to stronger 
electrostatic interactions, which also contributes to the 

rise in 1/2
x fRe C .

In Figure 3(b), the region ( )1λ < −  demonstrated that 
hybrid ionanofluid has a higher value of 1/2

x xRe Nu  compared 
to standard hybrid nanofluid. This enhancement can be 
attributed to the synergistic effect of nanoparticles and 
the ionic fluid, whose distinct thermophysical properties 
(e.g., higher thermal conductivity, altered specific heat, 
and modified Prandtl number) significantly influence 
the local temperature gradient on the permeable 
exponentially SHR surface in the region. The thermal BL 
thickness in Cu-Al2O3 hybrid ionanofluid is less than that 
of Cu-Al2O3/water nanofluid, indicating efficient heat 
transfer augmentation with hybrid ionanofluids. 

In comparison between hybrid  ionanofluid  and 
standard HyNFs, the hybrid ionanofluid has a higher value 
of 1/2

x fRe C , as shown in Figure 3(a). Because of greater 
viscosity and thinner BL of the hybrid ionanofluid than 
HyNFs, the shear stress is increased which caused the 
higher  value of 1/2

x fRe C . In the region (λ<-1), Figure 3(b) 
demonstrates that hybrid ionanofluid has higher value of 

1/2
x xRe Nu  compared to standard HyNFs. This is due to the 

different thermophysical characteristics of ionic fluid and 
nanoparticles, which affect the temperature gradient and 
heat transfer rate on the permeable SHR surface in the 
region (λ<-1). Compared to Cu-Al2O3/water nanofluid, the 
hybrid ionanofluid has a lower thermal BL thickness. Thus, 
compared to Cu-Al2O3/water HyNFs, hybrid ionanofluid 
has a higher heat transfer augmentation.

Figures 4(a) and 4(b) illustrate the influence of M (0.2, 
0.4, 0.6) in the variations of 1/2

x f Re C  and 1/2
x xRe Nu  with the 

Table 2. Values of f′′(0) and −θ′(0) for a viscous fluid (ϕp1=ϕp2=0), with Pr=0.7, S=3, and A=B=β=M=0, for λ=−1. 

 
𝑓𝑓𝑓𝑓′′(0) −𝜃𝜃𝜃𝜃′(0) 

First solution Second solution First solution Second solution 

Waini et al. [42] 2.390814 -0.972247 1.771237 0.848316 

Ghosh and Mukhopadhyay [43] 2.39082 -0.97223 1.77124 0.84832 

Hafidzuddin et al. [55] 2.3908 -0.9722 1.7712 0.8483 

Ishak [56] 2.390814 -0.972247 1.771237 0.848316 

Present numerical value 2.390813487 -0.972127692 1.771237308 0.847731569 

 

 Table 3. Comparison of the numerical values −𝛉𝛉𝛉𝛉′(𝟎𝟎𝟎𝟎) for (𝛌𝛌𝛌𝛌 = −𝟏𝟏𝟏𝟏), �𝛟𝛟𝛟𝛟𝐩𝐩𝐩𝐩𝟏𝟏𝟏𝟏 = 𝛟𝛟𝛟𝛟𝐩𝐩𝐩𝐩𝐩𝐩𝐩𝐩 = 𝟎𝟎𝟎𝟎�. 

 

−𝜃𝜃𝜃𝜃′(0) 
Magnetic 

parameter(M) 
Prandtl 

number (Pr) 
Bidin and 
Nazar [60] 

Magyari and 
Keller [59] Ishak [8] Waini et al. [44] Present numerical 

value 
0 0.5  0.594338  0.594339 0.596687591 

0 1 0.9548 0.954782 0.9548 0.954783 0.954810645 

0 2 1.4714  1.4715 1.47146 1.471454036 

0 3 1.8691 1.869075 1.8691 1.869074 1.869068799 

0 5  2.500135 2.5001 2.500132 2.500128788 

0 10  3.660379 3.6604 3.660372 3.660369290 

1 25 0.5315    0.535401194 

1 1   0.8611 0.861094 0.873201623 

1 0   0.5312 0.531158 0.535301196 
              

Table 3. Comparison of the numerical values -θ'(0) for (λ = -1), (ϕp1 = ϕp2 = 0).

Table 2. Values of f′′(0) and −θ′(0) for a viscous fluid (ϕp1=ϕp2=0), with Pr=0.7, S=3, and A=B=β=M=0, for λ = −1.
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SCH / SHR parameter λ when S = 2.4, A = B = 0.4, β = 
0.02, and p1 p2 0.01φ φ= = .  In Figure 4(a), the upper and 
lower branches describe the increase in 1/2

x fRe C  on the 
exponential SCH surface when M is increased. This trend 
is primarily due to the stronger Lorentz force generated 
by the interaction of the magnetic field with the induced 
electric currents in the electrically conducting ionanofluid, 
which acts as a resistive drag opposing the fluid motion. 
The result is an enhancement of shear stress near the 
wall and a reduction in the thickness of the momentum 
BL, a phenomenon commonly observed in MHD flows. 
Moreover, the magnitude of 1/2

x fRe C  is directly related to 
the magnetic damping effect, which modifies the velocity 
gradient near the surface.

Figure 4(b) illustrates a similar pattern of heat 
transfer, where the value of 1/2

x xRe Nu  increases with M. 
The Lorentz force indirectly contributes to heat transfer 
augmentation by suppressing velocity fluctuations while 
intensifying the temperature gradient at the wall. This 
results in stronger convective heat flux and a thinner 
thermal BL enhancing the local rate of heat transfer. From 
a mathematical standpoint, the Nusselt number scales 

with the wall temperature gradient as x
y 0

TNu
y =

 ∂
∝ − ∂ 

 and 

the M increases this gradient by constraining fluid motion 
and forcing more efficient thermal conduction near the 
wall.

Figures 4(a) and 4(b) also demonstrate that as M 
increases, the surface region affected by MHD effect 
broadens. Moreover, as the parameter (λ<0) increases, 
the BL detachment is delayed, while the critical value  λC 
decreases. This behavior is attributed to the combined 
effect of magnetic damping and wall-suction effect,
   0S > , both of which stabilize the flow and control the 
development of velocity and thermal BLs. Thus, the MHD 
mechanism not only augments friction and heat transfer 
but also provides a stabilizing influence that mitigates 
boundary layer separation on SHR surfaces.

Figure 5(a) shows the growth of local SFC on the 
permeable SHR surface with increasing VF of copper 
nanoparticles p2φ   when S = 2.4, A = B = 0.4, β = 0.02, and 
M=0.4. As the volume fraction of copper nanoparticles  
( p2φ ) increases, the effective viscosity and density of 
the hybrid ionanofluid rise. Due to this, the momentum 
diffusion enhances near the surface and causes a 
reduction in the thickness of the momentum BL. This 
results in an increment of 1/2

x fRe C . As a result, shear 

  ionanofluid has a higher heat transfer augmentation. 
 

Figure 3. (a) Local SFC with Hybrid ionanofluid and Standard HyNFs and (b) local Nu with Hybrid ionanofluid and Standard HyNFs. 

  

a) 

b) 

 

  
Figure 4. (a) Local SFC with λ on various values of M for hybrid ionanofluid (b) Local Nu versus λ on various values of M for Hybrid 
ionanofluid. 

  

b) 

a) 

Figure 3. (a) Local SFC with Hybrid ionanofluid and Standard 
HyNFs and (b) local Nu with Hybrid ionanofluid and Standard 

HyNFs.

Figure 4. (a) Local SFC with λ on various values of M for hybrid 
ionanofluid (b) Local Nu versus λ on various values of M for 

Hybrid ionanofluid.
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stress has a stronger impact on the permeable shrinking 
surface. Physically, the nanoparticles intensify micro-
scale interactions within the fluid, thereby amplifying 
the viscous effects and modifying the velocity gradients 
in the near-wall region. Quantitatively, at λ = -1, 1/2

x xRe Nu  
increases from 3.8844 ( p2 0.001φ = ) to 3.9494 ( p2 0.01φ = ), a 
1.67% gain, while 1/2

x fRe C  rises from 4.0884 to 4.1990, a 
2.70% increase. These values confirm the enhancing role 
of Cu addition on local transport properties.

Figure 5(b) shows the numerical solution for the 
variation of local Nusselt number with the SCH or SHR 
parameter  λ for S = 2.4, A = B = 0.4,  β = 0.02 and M = 
0.4, whereas p2φ  increases from 0.001 to 0.01. When the 

p2φ  value grows, 1/2  x xRe Nu  drops in the region ( 1 0)λ− < < . 
This occurs due to the weaker shrinking strength, which 
reduces the convective transport efficiency. However, 
on an exponentially SHR surface, the dominant effect 
of thermal conductivity enhancement in the hybrid 
ionanofluid promotes the heat flux in the region ( 1)λ < − ,  
while the heat flux falls in region ( 1 0)λ− < < . In the region 
( 1)λ < − ,  when 2pφ   rises, the thermal boundary layer 
thickness decreases, leading to enhanced heat transfer 
through the exponentially contracting surface.

Figures 5(a) and 5(b) further reveal the existence 
of dual solutions for p2φ   (= 0.001, 0.005, 0.01) at 1Cλ  = 
-0.9520,  λC2 = -0.9819, and 3Cλ  = -1.0120, indicating 
the bifurcation points of the BL in the region (λ<0). The 
presence of copper VF postpones the separation of the 
BL by increasing fluid inertia and providing additional 
resistance against detachment. This stabilizing effect 
becomes stronger as the volume fraction increases, 
thereby extending the solution domain before flow 
reversal or boundary layer breakdown occurs.

Figures 6(a) and 6(b) illustrate the variation of the 
same parameters against S when λ = -1 and A = B = 0.4. 
An increase in copper VF parameter p2φ  is associated with 
increment of SFC 1/2

x fRe C  at (λ<0) for the first solution but 
a decrease for the second solution, suggesting a shift 
in the stability characteristics of the flow. When λ<0, it 
is observed that there is a pattern transition of the SFC 

1/2
x fRe C  for the first solution as the copper VF parameter 

p2φ  increase. Additionally, the local Nu 1/2
x xRe Nu  rises when 

the copper VF p2 φ increases for both solutions. When the 
SCH/SHR parameter λ decreases for both solutions, it is 
observed that 1/2

x fRe C  and 1/2
x xRe Nu  increase and decrease, 

respectively. Dual solutions appear to exist for p2φ  (= 0.001, 

 

 

 

Figure 5. (a) Local Nusselt number versus 𝜆𝜆𝜆𝜆 on various volume fractions of Cu for Hybrid (b) Local Nu versus λ on various volume 
fractions of Cu for hybrid ionanofluid. 
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Figure 6. (a) Local SFC with S on various volume concertation of Cu for Hybrid ionanofluid and (b) Local Nu versus S on various 
volume concertation of Cu for Hybrid ionanofluid. 
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Figure 5. (a) Local Nusselt number versus 𝜆 on various volume 
fractions of Cu for Hybrid (b) Local Nu versus λ on various 

volume fractions of Cu for hybrid ionanofluid.

Figure 6. (a) Local SFC with S on various volume concertation of 
Cu for Hybrid ionanofluid and (b) Local Nu versus S on various 

volume concertation of Cu for Hybrid ionanofluid.
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0.005, and 0.01) in Figures 5(a) and (b) at C1S  = 1.5911, 
C2S  = 1.5420, and C3S  = 1.4877, indicating that specific 

suction levels are necessary to maintain flow stability 
and ensure dual solutions for the shrinking surface. 
Moreover, with higher p2φ  and S, the 1/2

x fRe C  increases for 
the first solution but decreases for the second solution, 
whereas the 1/2

x xRe Nu  steadily increases for both. This 
trend is consistent with the quantitative decrease in 

CS  from 2.0775 ( 2 0.001pφ = ) to 2.0290 ( 2 0.01pφ = ), i.e., 
approximately a 2.3% reduction, which indicates that Cu 
loading lowers the suction threshold for dual solutions.

Figures 7(a) and 7(b) depict the relationship between 
1/2
x xRe Nu  and the SCH or SHR parameter for different 

values of B = (0.2, 0.22, 0.23) and β = (0.02, 0.2, 0.3) 
when S = 2.4, p2φ = 0.01, and A = 0.2. Although variations 
in B and β do not significantly alter the critical value Cλ   
(≈ - 1.4419), their influence on heat transfer characteristics 
is notable. An increase in thermal slip weakens the 
coupling between the wall and fluid temperature, reducing 
the ability of the fluid to absorb heat directly from the 
surface, thereby lowering 1/2

x xRe Nu ​. Similarly, higher heat 
generation introduces additional thermal energy within 
the BL, diminishing the local temperature gradient and, 
hence, the Nu. Despite this reduction, both parameters 
lead to an upward trend in 1/2

x xRe Nu  ​ with increasing λ, 

suggesting that stronger stretching enhances convective 
transport even under slip and volumetric heating effects. 
Specifically, for p2φ = 0.01, increasing slip (A = 0.2 to 0.6) 
shifts λC from −1.4419 to −2.0362, a ~ 41%  extension of 
the shrinking domain before bifurcation.

In Figures 2-7, it can be noticed that the plotlines of the 
SFC and the local Nu with the SCH or SHR, as well as the 
suction parameters move towards the left side of the field, 
either up or down, to reach the critical point. There is just 
one solution to the problem at the critical point λc. Using 
the Tiwari and Das model [61], few parameters are used 
to explain the flow and heat transmission of MHD HyNFs 
on the permeable SHR surface. This particular scenario 
demonstrates the irreconcilability of the mathematical 
model in this region. There is no numerical solution for 
the region cλ λ< . The SHR instance invalidates the Tiwari 
and Das model [61], which was created and applied using 
BL approximation theory, as shown by the separation of 
the boundary condition from the rapidly uneven surface. 
For a specific range of λ values, the second solution is only 
applicable. Reason for this behaviour is that the certain 
value of λ cannot monitor the precise solution due to 
limited relative error tolerance.

Increases in M (= 0.2, 0.4, 0.6) and S (= 2.2, 2.3, 2.4) 
cause the velocity profile f'(η)  for the first solution to 

 

 

 

 

 

Figure 7. (a) Local SFC against λ on different values of thermal slip B and (b) Local Nu versus λ on different values of heat 
generation. 
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Figure 8. (a) Velocity profile on different values of M and (b) Temperature profile on different values of M. 
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Figure 7. (a) Local SFC against λ on different values of thermal 
slip B and (b) Local Nu versus λ on different values of heat 

generation.

Figure 8. (a) Velocity profile on different values of M and (b) 
Temperature profile on different values of M.
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increase and the second solution to decrease, while both 
solutions of θ'(η) decrease, as depicted in Figures 8(a, b) 
and 9(a, b). For the 1st solution, a high degree of velocity 
slip is required to increase the flow velocity and vice versa 
because the presence of velocity slip at the shrinking 
surface boundary reduces the flow resistance, allowing 

more flow to slip through the surface and increasing the 
flow velocity.

For the copper volume concentration parameter p2φ   
= (0.001, 0.005, 0.01), the increase in value enhances 
the f'(η) and θ'(η) profiles for both solutions, as shown 
in Figures 10(a) and 10(b). However, the f'(η) for the 

 

 

 

 

 

 

Figure 9. (a) Velocity profile for different values of suction, S, and (b) Temperature profile on different values of suction, S. 
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Figure 10. (a) Velocity profile for different copper volume fractions and (b) Temperature profile on different volumetric 
concentration of Cu. 
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Figure 9. (a) Velocity profile for different values of suction, S, 
and (b) Temperature profile on different values of suction, S.

Figure 10. (a) Velocity profile for different copper volume 
fractions and (b) Temperature profile on different volumetric 

concentration of Cu.
 

 

Figure 11. (a) Temperature profile on different values of thermal slip parameter, B and (b) temperature profile on different 
values of heat generation parameter, β. 
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Figure 11. (a) Temperature profile on different values of thermal slip parameter, B and (b) temperature profile on different 
values of heat generation parameter, β. 
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Figure 11. (a) Temperature profile on different values of thermal slip parameter, B and (b) temperature profile on different values of 
heat generation parameter, β.
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second solution exhibits different behavior within a 
certain range. Assuming different values for the missing 
initial conditions under the same conditions yields two 
solutions for boundary value problems that have dual 
solutions. Knowing which option is physically acceptable 
is essential. The first approach is more common in practice 
and is physically more stable than the second. Only the 
viability of the first solution is covered in this work. The 
flow is unstable, as indicated by the negative eigenvalues 
against the controlling parameters in the second solution.

Figures 11(a, b) depict the effects of of the parameters 
𝐵 and 𝛽 (the parameters B=0.2, 0.4, and 0.6 and β=0.02, 
0.04, and 0.06 on the temperature profile). Since these 
parameters do not affect f'(η), only the temperature 
profile θ'(η)  is considered in this study. When B decreases 
and β increases,  θ'(η) is observed to rise. To achieve the 
desired heat transfer performance, it is necessary to 
control the thermal slip and heat generation parameters 
in the correct proportions, as each parameter has a 
distinct effect that could be offset by the other.

8. Conclusions

We have studied steady MHD BL flow and heat transfer 
of a Cu–Al₂O₃/[C₂mim][CH₃SO₃] hybrid ionanofluid over 
an exponentially SCH/SHR permeable sheet, including 
velocity and thermal slip effects and internal heat 
generation. The governing equations were reduced using 
similarity transformations and then solved numerically 
using MATLAB bvp4c solver. A linear stability analysis was 
performed to determine the physically realizable solution 
branch.

The main conclusions are as follows:
I.	 Dual similarity solutions arise for the SHR surface 

when suction is sufficiently strong. The upper branch 
is the only one that is stable and physically significant, 
according to linear stability assessment.

II.	 Increasing the magnetic parameter M elevates both 
the SFC and the Nu, due to stronger Lorentz forces 
that retard the flow and steepen the temperature 
gradient at the wall.

III.	 A higher VF of Cu nanoparticles increases the fluid 
viscosity and thermal conductivity, which in turn 
raises the wall shear stress and enhances heat 
transfer. Quantitatively, Cu addition (from 0.001 
to 0.01) increases Nu by approximately 1.7%, Cf by 
approximately 2.7%, shifts λC by approximately 5.4%, 
and reduces Sc by approximately 2.3%.

IV.	 Larger thermal slip or stronger internal heat generation 
tends to reduce the heat transfer rate (lower Nu) by 
weakening the wall temperature gradient.

V.	 For all conditions examined, the ionic-liquid-based 
HyNF produces higher Cf and Nu than the corresponding 
Cu–Al₂O₃/water nanofluid, demonstrating its superior 
heat transfer capability.
The enhanced heat transfer performance of hybrid 

ionanofluids highlights their potential in real-world 
thermal management applications, like electronic 
cooling, solar thermal collectors, energy storage 
systems, and advanced heat exchangers. In particular, 
the consideration of exponentially SHR/SCR permeable 

surfaces provides insights into flow and heat transfer 
behaviors relevant to industrial processes such as 
polymer extrusion, glass and metal manufacturing, and 
coating technologies, where surface deformation and 
suction/injection significantly influence product quality 
and thermal performance. Beyond these applications, the 
present findings establish a foundation for future research 
directions. The numerical framework presented here can 
be extended to experimental validation, as well as to more 
complex regimes such as turbulent and transient flows 
or alternative ionic liquid-based suspensions. Moreover, 
further studies on scale-up effects, long-term stability, and 
compatibility with industrial processes will be essential 
to ensure that hybrid ionanofluids can transition from 
theoretical models to practical implementation. Overall, 
this study demonstrates that hybrid ionanofluids are a 
promising class of next-generation working fluids that 
offer significant advantages over conventional nanofluids 
for advanced thermal system design.
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