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Abstract:
In this paper we investigate the effect of a random transverse field, distributed according to a trimodal 
distribution, on the phase diagram and magnetic properties of a two-dimensional lattice (square with z=4), 
ferromagnetic Ising system consisting of magnetic atoms with spin-1. This study is done using the effective-
field theory (EFT) with correlations method. The equations are derived using a probability distribution method 
based on the use of exact Van der Waerden identities. We present our numerical results, such as the phase 
diagrams, the thermal variations of the transverse magnetization, the internal energy, the magnetic specific 
heat as a function of different values of p, the concentration of the random transverse field. As a result, the 
critical values of transverse field , temperature   and concentration   were obtained for the square lattice.
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1. INTRODUCTION

Recently, a problem of growing interest is associated 
with	the	random	transverse	field	Ising	model	(RTFIM).	
One of the interesting phenomena in the RTFIM is 
the occurrence of a tricritical behavior. The RTFIM 
has examined by the use of various techniques, 
such	as	mean	field	theory,	Monte-Carlo	simulations,	
renormalization group calculations, Bethe-Pierls 
approximation	 and	 effective-field	 theories	 (EFT)
[1-6]. Lately, some interest has been directed to the 
understanding of more complicated systems in the 
presence	 of	 random	fields,	 i.e.	 the	 transverse	 Ising	
model, the amorphous Ising ferromagnet, the Blume-
Capel model and spin-S Ising model.

Section 2, described the EFT with correlations and 
the formulation of EFT is applied to a square lattice 
(z=4)	consisting	of	 spin-1	atoms.	 In	section	3,	we	
present our numerical results and discussions, such 
as the phase diagrams, the thermal variations of the 

transverse magnetization, the internal energy, the 
magnetic	 specific	 heat	 as	 a	 function	 of	 different	
values of p, the concentration of the random 
transverse	field.

2.THEORY  AND  FORMULATION

The	surface	random	transverse	field	Ising	model	is	
described by the following Hamiltonian:

( )z z x
S i j S i i

ij i
H J S S S= − − W∑ ∑             (1)

where ,z x
i iS S are components of a spin-1 operator 

at site i, SJ is the exchange interaction at the 
surface.	The	first	and	second	summations	are	over	
nearest-neighbor sites and single sites located on 
the	 free	 space,	 respectively.	 The	 transverse	 field
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( )S iW is assumed to have the trimodal probability 
distribution:  

[ ](1 )(( ) ) (( ) ) (( ) ) (( ) )
2S i S i S i S S i S

pP pδ δ δ−
W = W + W −W + W +W     (2) 

where p denoted the fraction of spins not exposed 
to	the	transverse	field SW . Because of randomness 
of transverse	fields,	we	should	perform	the	random	

average of ( )S iW  with using the probability 

distribution function (( ) )S iP W .We	 can	 define	
z z

i r
Sµ =  and x x

i r
Sµ = and

2 2( )z
i r

Sη = , where ...
r

 denotes the random 

average and ... indicates the canonical thermal 
average. Thus, doing the random average, we can 
obtain: 

z z
i r

S   and 

x x
i r

S  and 2 2( )z
i r

S  , where ...
r
 

denotes the random average and ... indicates the 
canonical thermal average. Thus, doing the random 
average, we can obtain:  
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where  2 2y B x     
The random averaged internal energyU is given 
by: 
 

( )z z
i i S i ir r

U A S S
N

      (٨)  

 
where N is the number of magnetic atoms. It is 
clear that for the evaluation of U , we must 
know ,z x   and  . Then these quantities can be 
easily obtained by solving (٣)-(٥) numerically. The 
averaged magnetic specific heat can be written as:   
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٣.Results and conclusion: 

      From the Fig.١, we can see that the effect of a 
random transverse Ising model. Namely, the 
critical temperature gradually decreases from its 
Ising value at 0  and rapidly vanishes when the 
transverse field approaches some 
critical c depending on the value of p. When the 
transverse field is bi-modally distributed (p=٠), the 
critical temperature gradually decrease from its 
value ( 0)cT   ( / 2.011776c ST J  ), to vanish at 

some critical value c ( / 3.01985c SJ  ). From 
the limit behaviors obtained for 0p   and 1p  , 
one can reasonably expect that there appears a 
critical value *p  of the concentration of zero 
transverse field sites ( * 0.657296p  ) showing two 
different behaviors of the system: for *0 p p  , 
the cluster of zero transverse field sites is small 
and hence the order, at T=٠, is destroyed beyond a 
finite critical value c and for * 1p p   , such a 
cluster is sufficiently large to keep order in the 
system at very low temperature, even in the limit 
of infinitely large values of the transverse field. 

 
Fig.١: The phase diagram ( / ST J - ) for various
p(from left to right, p=٠,٠.٢,٠.٤,٠.٦,٠.٨,١) in the 
square lattice 
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where  2 2y B x= +   

The random averaged internal energyU is given by:

( )z z
i i S i ir r

U A S S
N
= − − W                   (8) 

where N is the number of magnetic atoms. It is clear 
that for the evaluation of U , we must know ,z xµ µ  
and η . Then these quantities can be easily obtained 
by solving (3)-(5) numerically. The averaged 
magnetic	specific	heat	can	be	written as:  

                         ,UC
T
∂

=
∂

                                        (9)

3. RESULTS  AND  CONCLUSION

From the Figure 1, we can see that the effect of 
a random transverse Ising model. Namely, the 
critical temperature gradually decreases from 
its Ising value at 0W = and rapidly vanishes when 
the	 transverse	 field	 approaches	 some	 critical cW
depending on the value of p. When the transverse 
field	 is	 bi-modally	 distributed	 (p=0), the critical 
temperature gradually decrease from its value 

( 0)cT W = ( / 2.011776c ST J = ), to vanish at some 
critical value cW ( / 3.01985c SJW = ). 

 

Figure 1: The phase diagram ( / ST J -W ) for 
various p(from left to right, p=0,0.2,0.4,0.6,0.8,1) in 

the square lattice

In Figures 2 and 3, the temperature dependences of 
the transverse magnetizations as well as the 
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Figure 3: 2η - T/JS for various p (from down to up 
p=0, 0.2,0.4, 0.6,0.8,1) and  (a):W=0.1,(b): W=1 

and (C): W=3.

Finally, in Figures. 4, 5, the temperature dependences of 
the internal energy (

S

U
NJ
− )	and	the	magnetic	specific	heat	

(
B

C
k N

) for various p in the same system are plotted. 
We	 can	 see	 that,	 if	 the	 transverse	 field	 increases,	
then the absolute value of internal energy in the 
systems increases. On the other hand, the magnetic 
specific	 heat	 is	 gradually	 depressed	 by	 increasing	
the	transverse	field	strength	W . It can also be seen 
that the jump at the critical temperature gradually 
disappears with the increasing value of W .
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,	such	a	cluster	is	sufficiently	large	to	keep	
order in the system at very low temperature, even in the 
limit	of	infinitely	large	values	of	the	transverse	field.

Figure 2: /z
SJµ -T/JS for various p (from left to 

right p=0,0.2, 0.4, 0.6,0.8,1)and  (a):W =0.1,(b): 
W =1 and (C): W =3.

(a)

(a)

(b)

(b)

(c)

(c)

parameter 2q η= are plotted for the square lattice, 
when	the	transverse	field	is	fixed	((a):	W =0.1,	(b):	
W =1,	(c):	W =3).	
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Figure 4:  ( / SU NJ )-T/JS for various p (from down 
to up p=0,0.2,0.4,0.6,0.8,1) and  (a):W=0.1,

(b): W=1 and (C): W=3.

Moreover, we can see that, by increasing the the 
transverse	 field	 strengthW , the transverse magneti-
zation zµ , the parameter 2q η= , the internal energy
U and	 the	 magnetic	 specific	 heat	 C  are gradually 
separated for various p, and critical temperatures

/C ST J are rapidly decreased for smaller p.
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