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Abstract 
   In mathematical chemistry, a particular attention is given to degree-based graph invariant. The Zagreb 

polynomial is one of the degree based polynomials considered in chemical graph theory. A dendrimer is 

an artificially manufactured or synthesized molecule built up from branched units called monomers. In 

this note, the first, second and third Zagreb polynomials of some nanostar dendrimers are determined.  
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1. INRODUCTION 

   In this paper, we consider only simple 

and connected graph   with vertex set 

     and edge set     . The degree of a 

vertex     is the number of edges 

incident to   and denoted by         or 

  . In chemical graphs, the vertices of the 

graph correspond to the atoms of the 

molecule, and the edges represent the 

chemical bonds.   

   A graphical invariant is a number related 

to a graph which is structural invariant, 

that is to say it is fixed under graph 

automorphism. In chemistry and for 

chemical graphs, these invariant numbers 

are known as the topological indices [1,2]. 

   A topological index        of a graph 

 , is a number with this property that 

every graph   isomorphic to  ,        
      . The Wiener index is the first and 

most studied topological indices, both from 

theoretical point of view and application 

[3-5]. 

 

   The Zagreb indices have been introduced 

more than thirty years ago by Gutman and 

Trinajstic [6] and they are defined as 

                      and  

                    , where        

and        denotes the first and second 

Zagreb indices of  , respectively. We 

encourage the reader to consult [7-13] for 

historical background and mathematical 

properties of Zagreb indices. In 2011, 

Fath-Tabar [14] introduced a new graph 

invariant, namely the third Zagreb index 

and defined as 

                      . 

   Recently, Fath-Tabar [15] has put 

forward the concept of the first and the 

second Zagreb polynomial of the graph  , 

defined respectively as 

                 

       
  

               

       
  

where   is a dummy variable. The third 

Zagreb polynomial was first studied in [16] 

and defined as follows.  

                   

       
  

   The nanostars dendrimers is a part of a 

new group of macromolecules that seem 

photon funnels just like artificial antennas 

and also is a great resistant of photo 

bleaching [17]. Recently some researchers 

investigated the mathematical properties of 

this nanostructures in [18-25]. Some 
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applications of nanoscience and 

nanostructures can be referred in [26,27] 

   It is well-known that a graph can be 

described by a connection table, a 

sequence of numbers, a matrix, a 

polynomial or a derived number called a 

topological index, in this paper, we apply a 

polynomial approach to study the 

molecular graphs. In Refs. [15,16,28-30], 

the authors investigated the Zagreb 

polynomial of dendrimers, Cartesian 

product of graphs, thorn graphs, nanotubes 

and hydrocarbon structure. Motivated by 

these works, in this paper, we continue this 

program to compute a closed formulae for 

Zagreb polynomials of some nanostar 

dendrimers. 

 

2. MAIN RESULTS 

   In this section, we shall compute the 

first, second and third Zagreb polynomial 

of some dendrimer nanostars. First, we 

compute the first, second and third Zagreb 

polynomial of type of dendrimer nanostars 

known as PAMAM dendrimer with 

trifunctional core unit by construction of 

dendrimers generations     with   growth 

stages. We denote simply this graph 

by       . Figure 1 shows PAMAM 

dendrimer        of the generations    

with three growth stages. 

 

 
Figure 1. PAMAM dendrimer of 

generations    with 3-growth stages, 

      . 
 

   Let      be the set of all edges connecting 

the vertices of degrees i and j, and define 

                      and 

     . Let     denote the number of 

edges connecting the vertices of degrees i 

and j, respectively. Thus            . 
Assume (m,n)-edge be the edge with end-

vertices m and n. 

 

Theorem 1. Let        be PAMAM 

dendrimers with   growth of stages and 

           . Then, the first, second and 

third Zagreb polynomial of        are 

given by 

                          
                     , 

                          
                       

        , 

                        
                     . 

 

Proof. For nanostar        which 

contributed (1,2), (1,3), (2,2) and (2,3)-

edge, the formula of first, second and third 

of Zagreb polynomial is reduced to 

                 
       

 22 4+ 12 3, 

                 
      

  
    

      
 , 

                 
            

      

Using simple calculation, one can show 

that                        and 

                      . The edge 

set of the PAMAM dendrimers        can 

be divided to four partitions in each step. 

So we have four types of edges    ,    , 

    and    . The core of        indicates 

the graph of the first stage, that is,        
(     as depicted in Figure 2. 

There are     ,       ,       
  and          edges of types    , 

   ,     and    , respectively. Table 1 

shows the values of     where       
                  and       and          
Therefore, we obtain 
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                     , 

                          
                       
        , 

                        
                     . 

 
Figure 2. The core of        

 

Table 1. The value of     in        where 

                        and       and steps 

         

       
     

        

               

               

                 

                 

 

This completes the proof.    

   Now we shall consider the second type 

of PAMAM dendrimers with different 

core, denoted by       . The graph 

       is shown in Figure 3. 

 
Figure 3. PAMAM dendrimers with 3-

growth stages,        . 
 

Theorem 2.  Let        be the PAMAM 

dendrimers with   growth of stages and 

         . Then, the first, second and 

third Zagreb polynomial of        are 

given by 

                           
                     , 

                          
                        

        , 

                        
                      . 

 

Proof. For nanostar        which 

contributed  (1,2), (1,3), (2,2) and (2,3)-

edge, the formula of first, second and third 

of Zagreb polynomial is reduced to 

                 
       

 22 4+ 12 3, 

                 
      

  
    

      
 , 

                 
            

      
Using simple calculation, one can show 

that                        and 

                      . The edge 

set of the PAMAM dendrimers        can 

be divided to four partitions in each step. 

So we have four types of edges    ,    , 

    and    .  

In general, there are     ,       , 

         and          edges of 

types    ,    ,     and    , respectively. 

Table 2 shows the values of     where 

                        and       and 

         Therefore, we obtain the result 

first, second and third Zagreb polynomial 

of        as follows. 

                           
                     , 

                          
                        
        , 

                        
                      . 

 

 

Table 2. The value of     in        where 

                        and       and steps 
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This completes the proof.    

 

   Now we consider another kind of 

dendrimer nanostars, namely 

tetrathiafulvalene dendrimer, denoted by 

      . The graph        is shown in 

Figure 4.  

 

 
Figure 4. Tetrathiafulvalene dendrimer 

with 2-growth stages,       . 
 

Theorem 3. Let        be the 

tetrathiafulvalene dendrimer with   growth 

stages and            . Then, the first, 

second and third Zagreb polynomial of 

       are given by 

 
                               

60 5+32×2  20 4+4×2  3, 

                       

             

              

                    , 

                                

60 +36×2  21. 

Proof.  From the graph        which 

contributes  (1,2), (1,3), (2,2), (2,3)  and 

(3,3)-edge, the formula of first, second and 

third of Zagreb polynomial is reduced to 

                 
      

  
          

      
 , 

                 
      

  
    

      
      

 , 

                 
             

       . 

Using simple calculation, one can show 

that                        and 

                      . The edge 

set of graph        can be divided to three 

partitions in each step. So we have five 

types of edges    ,    ,    ,     and    . 

The core of        indicates the graph of 

the first stage, that is,        (     as 

depicted in Figure 5. 

In general, there are     ,       , 

        ,          and   
      edges of types    ,    ,    ,     

and    , respectively. Table 3 shows the 

values of     where 

                              and       

and          Therefore, we obtain the 

result for first, second and third Zagreb 

polynomial of        as follows. 
                               

60 5+32×2  20 4+4×2  3, 

                       

             

              

                    , 

                                

60 +36×2  21. 

 
Figure 5. The core of        
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Table 3. The value of     in        where 

                              and       and 

steps          

       
     

      

            

            

              

                

             

 

Now the proof is complete.    

 

   Let consider another type of dendrimer 

nanostars, denoted by       . Figure 6 

shows that the graph        of generation 

   with three growth stages.  

 
 

Figure 6. Dendrimers nanostars        of 

generation    with 3-growth stages 

 

   Lastly, we consider  POPAM 

dendrimers, denoted by       ]. Figure 7 

shows that POPAM dendrimers       ] 

of generation    with two growth stages.  

 

 
 

Figure 7. POPAM dendrimer of 

generations    with 2-growth stages, 

        
 

   We can obtain the following results. 

 

Theorem 4.   Let        be the dendrimer 

nanostars with   growth of stages and 

           . Then, the first, second and 

third Zagreb polynomial of        are 

given by 

 

                        
                     , 

                        
            , 

                            
               . 

 

Proof.  Similar to the proofs of Theorems 

1, 2 and 3.    

 

Theorem 5.  Let         be the 

dendrimer nanostars with   growth of 

stages and            . Then, the first, 

second and third Zagreb polynomial of 

        are given by 

                          
                    , 

                          
                    , 

                         
       . 

 

Proof.  Similar to the proofs of Theorems 

1, 2 and 3.    

 

 

3.  CONCLUSION  

   In summary, in this paper, we have 

considered some families of dendrimers, 

namely, PAMAM, tetrathiafulvalene and 

POPAM dendrimers, and studied their 

topological polynomial. The closed 

formulas of the first, second and third 

Zagreb polynomial of these families of 

dendrimers are determined. In the future, 
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we are interested to study and compute 

topological indices and polynomial of 

various families of dendrimers or 

nanostructures, in general.  
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