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Abstract 
   The nonlinear optical properties of the InxGa1-xAs/GaAs triple quantum well structure are studied for 

different structure parameters and applied external electric field. Within the framework of the effective 

mass and envelope function approximations, the one-dimensional time-independent Schrödinger wave 

equation is solved using the diagonalization method to obtain the energy eigenvalues and eigenfunctions 

of the structure. The coefficients of nonlinear optical properties such as nonlinear optical rectification 

(NOR), second harmonic generation (SHG), and third harmonic generation (THG) of the structure are 

numerically evaluated from the corresponding expressions derived within the compact density matrix 

approximation. The influence of adjustable structure parameters and the applied external electric field 

affects the separation of subband energy levels and the magnitudes of dipole moment matrix elements. 

These changes in the electronic properties of the structure cause the NOR, SHG, and THG peak 

positions to shift towards lower or higher energy regions. It is expected that these results will enable the 

appropriate design of new optoelectronic devices. 

Keywords: InGaAs, Confinement potential, NOR, SHG, THG, Low dimensional system. 

 

1. INTRODUCTION 

   Investigation of low-dimensional carrier 

systems in quantum nanostructures has 

been performed for the last few decades 

due to their potential application in laser 

and optoelectronic technology [1-6]. 

Electron confinement in these structures 

results in the formation of a discrete 

energy spectrum [7-9]. The separation of 

energy levels is controlled by modifying 

the geometry of the structure in terms of 

potential barrier height, barrier thickness, 

and well depth, as well as by changing the 

quantum well (QW) shape through the 

application of external fields [10]. 

Variation of linear and nonlinear optical 

properties is observed as a result of the 

modification of the confining potential 

profile [10, 11]. Concerning second and 

third-order nonlinear responses, NOR, 

SHG, and THG coefficients have attracted 

attention due to their potential applications 

from infrared laser amplifiers to 
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photodetectors and from optical switchers 

to high-speed optical modulators [12]. 

   In many cases, the manifestation of 

nonlinear optical properties in low-

dimensional quantum structures is directly 

related to the asymmetry of the 

confinement potential shape [13-18]. The 

asymmetry of the quantum well potential 

allows the observation of high-order 

susceptibilities such as second-order [19] 

and third-order nonlinear ones [7, 20-22].  

In accordance, Pöschl-Teller potential has 

been studied by several researchers [23-

25]. Radovanovic et al. explored 

intersubband optical absorption [26]. In 

addition, Yuh et al. considered the case of 

a narrow QW inserted in a large one [27]. 

Besides, Feng et al. investigated the 

absorption of a five-step QW under applied 

external probes [28]. The mentioned QW 

potentials are tunable and solutions for 

allowed electron states are obtained by 

solving the corresponding Schrödinger 

equation [29]. These studies have explored 

the nonlinear optical properties of the low-

dimensional structure. 

   Application of external fields (electric, 

magnetic, and intense laser field), as well 

as the suitable modification of structure 

parameters (well width, barrier thickness, 

and well depth) to achieve specific 

potential energy function configuration, 

significantly alter the linear and nonlinear 

optical properties in low-dimensional QW 

systems [30-36]. Theoretical and 

experimental investigations have demonst-

rated that the nonlinear optical properties 

strongly depend on the asymmetricity of 

the confinement potential shape [37-43]. 

For instance, the aimed potential structure 

could be fabricated by controlling the 

width/depths of the QW and by the applied 

external electric field. These parameters tilt 

the band profile of the structure [4, 44, 45]. 

   The paper aims to examine the NOR, 

SHG, and THG coefficients in a triple 

InGaAs/GaAs QW structure. The effects of 

the change of structure parameters and 

applied external electric fields are focused 

on in this work. The triple InGaAs/GaAs 

QW is an important semiconductor device 

that has many potential applications in 

optoelectronics and quantum computing. 

For example, high-efficiency light-emitting 

diodes (LEDs) in the infrared range, high-

speed photodetectors, quantum computing 

due to its ability to confine electrons in a 

small space, and nanophotonics. Overall, 

the triple InGaAs/GaAs quantum well 

structure is an important semiconductor 

device that has many potential applications 

in optoelectronics, quantum computing, 

and nanophotonics. Its unique properties 

make it an important area of research and 

development in the semiconductor 

industry. However, understanding the 

carrier dynamics in these structures can be 

complex and challenging. Simulation 

techniques such as computational 

modeling and numerical simulations can 

be used to study the behavior of carriers in 

triple quantum well structures. These 

simulations can provide detailed 

information about the energy levels, carrier 

lifetimes, and other properties of the 

structure, which can help in the design and 

optimization of optoelectronic devices 

based on these structures. 

   For the above-mentioned features of the 

QW structure, the investigation of the 

nonlinear optical properties of the 

InGaAs/GaAs QW structure is studied in 

detail. To achieve this, a numerical 

simulation is performed to obtain NOR, 

SHG, and THG coefficients at different 

structure parameters and external electric 

fields. For this, firstly, the energy 

eigenvalues and eigenfunctions of an 

electron surrounded in the conduction band 

of the structure are obtained within the 

framework of the effective mass and 

envelope function approach for different 

structural parameters and applied external 

electric field. Then, by using these energy 

eigenvalues and eigenfunctions, the NOR, 

SHG, and THG coefficients of the 

structure were obtained numerically using 

the compact density matrix approach. The 

organization of the paper is as follows: 

Section 3 draws a theoretical framework. 
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Section 3 discusses the numerical results. 

Section 4 presents the conclusion of the 

paper. 

 

2. THEORY 

   The InxGa1-xAs/GaAs QW structure is 

schematically depicted in Fig. 1. The 

configuration of the structure stetting: 

z1=5nm, z2-z1 = LwL, z3-z2 = LbL, z4-z3 = 

Lwc, z5-z4 = LbR, z6-z5 = LwR, z7-z6= 5nm. 

V0= 188meV (well depth for x=0.2), V1= 

234meV (well depth for x=0.25). LwL, Lwc, 

and LwR are left, center, and right well 

width, and LbL, and LbR are left and right 

barrier thickness. By controlling the z 

values, the structure profile (well width 

and barrier thickness) is changed. In 

addition, the applied external electric field 

also changes the confinement potential 

profile of the structure. These 

modifications in the shape of the 

confinement potential cause variations 

between electron energy levels. The 

Hamiltonian of an electron confined in the 

proposed structure in the presence of the z-

oriented electric field within the 

framework of effective mass and parabolic 

band approximations are given by [46-48]. 

 

2

*
( )

2
epH V z eFz
m

= + −    (1) 

where m* and Pe are the electron effective 

mass and the electron momentum. F 

corresponds to the external electric field. 

With all this, the expression for V(z), the 

confinement potential for the electron in 

the z-direction is: 

𝑉(𝑧) =

{
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  (2) 

   In numerical calculation, the wave 

function and subband energy values of a 

single electron are obtained by using the 

diagonalization method [49]. In this 

method, the single-electron wave function   

( )z  is obtained for infinite quantum well 

width (L ͚), which is large compared to the 

triple QW widths. The wave function 

under the influence of a zero electric field 

(F) describing the structure consists of the 

complete set is given 
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where Cn is coefficients and 𝛼 = 1 𝐿 ͚⁄ . 

   After the wavefunctions and the energies 

are determined, the nonlinear optical 

rectification (NOR), second-harmonic 

generation (SHG), and third-harmonic 

generation (THG) are analytically 

expressed under the density matrix 

approach and iterative method. 

   To derive the working expressions for 

NOR, SHG, and THG coefficients, it is 

assumed the incidence of a polarized 

electromagnetic field with frequency ω on 

the system: 

0 0( ) i t i tE t E e E e −= +   (4) 

   The time evolution of one electron 

density operator ρ is given by [10, 50]: 

(0)
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where H0 is the Hamiltonian for the system 

without the electromagnetic field (E(t)). 

ρ(0) is the unperturbed density matrix 

operator and   is responsible for the 

electron-phonon interaction and collisions 

among electrons. Eq. (5) is solved by using 

the iterative approach [51]: 
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 (6) 

   The use of this density operator 

determines the macroscopic electronic 

polarization of the system (P(t)) and leads 

to [51]: 
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here ε0 is the permittivity of the free space.
(1)
 , 

(2)
0 ,

(2)
2 and 

(3)
3 are the linear, optical 

rectification, second harmonic generation, 

and third harmonic generation 

susceptibilities, respectively. Rightfully 

considering not very intense incident 

radiation, Eq. (7) represents a perturbation 

expansion. From this formalism, the 

analytical expression for the optical 

rectification, second and third harmonic 

generation coefficients are derived [19, 52, 

53]: 
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𝜒2𝜔
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𝑒3𝜌𝑣

𝜀0ℏ2
𝑀01𝑀12𝑀20

(𝜔−𝜔10−𝑖Γ3)(2𝜔−𝜔20−𝑖Γ3)
     (9) 

 

𝜒3𝜔
(3)
=

𝑒3𝜌𝑣

𝜀0ℏ2
𝑀01𝑀12𝑀23𝑀30
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where 𝜌𝑣 is a three-dimensional 

concentration of electrons involved in the 

transition, and  

is the off-diagonal matrix element.  is 

.  is the transition 

frequency, and  is the 

coefficient that is associated with the 

lifetime of the electron involved in 

transitions. For the equation (8-10), for 

SHG and THG, both the individual energy 

intervals and the overall change of energy 

levels (ΔE12, ΔE20, ΔE23, ΔE30) can 

collectively impact the shift direction. 

These processes involve multiple energy 

differences, so analyzing how each energy 

interval changes is important for predicting 

whether a blue or red shift will occur. 

However, for NOR, where a single energy 

interval (ΔE01) is involved, the analysis of 

this energy difference is enough to 

comprehend the shift. 

 

 

 
Figure 1. Demonstration of confinement potential profile and allowed conduction band states 

presented through the corresponding probability densities. 

 

2. RESULT AND DISCUSSION 

   The input parameters for numerical 

calculation follow as [54, 55]: the effective 

mass of an electron is 𝑚𝑒
∗ = 0.059𝑚0 (m0 

is the free electron mass). The universal 

constants are 𝑐 = 3 × 108𝑚/𝑠, 𝑒 =

,( , 0,1,2,3)ij i jM z i j = =

10

10 00 11M M = −
( )i j

ij

E E


−
=

1 ,( 1,2,3)k kT k = =
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1.602 × 10−19 C, ℏ = 1.056 × 10−34Js 

𝜌𝑣 = 3 × 1022𝑚−3, 𝜇 = 4𝜋 ×
107𝐻𝑚−1, 𝜀 = 12.58, 𝜀0 = 8.854 ×
10−12, Γ = 1,3,5 THz and 𝑛𝑟 = 3.9. The 

indium concentration (x) in the InGaAs 

alloy determines the discontinuity of the 

conduction band on the structure [56] 

V0
InGaAs=%60(Eg

GaAs-Eg
InGaAs),  (11) 

where Eg
InGaAs=(Eg

GaAs-1619x-555x2)meV, 

Eg
GaAs=1424meV. As previously stated, by 

considering Eq. (11), the potential depths 

for the center well (V1) and side wells (V0) 

are 234meV (x=0.25) and 189meV 

(x=0.20), respectively. With the use of 

small In contents and rather wide well 

regions, we are avoiding the influence of 

the lattice strain effect on the spectrum. 

   The effects of the structure parameters 

and the applied external electric field on 

the triple InxGa1-xAs/GaAs QW system are 

investigated. Fig. 1 contains the schematic 

plots of the lowest four electron states 

under zero applied field conditions. 

According to the chosen configuration, 

ground state wavefunction is completely 

confined within the central well. The first 

excited state is somewhat pushed toward 

the left well due to the orthogonality 

relation between the first excited state and 

the ground state. However, the second 

excited wave function is mainly localized 

in the central well and presents a 

penetration in the left one. Such a spatial 

separation observed in the profile of these 

wavefunctions is useful to control the 

dipole matrix elements. This leads to the 

best modulation of the NOR, SHG, and 

THG coefficients. 

 

 
Figure 2. The first three eigenenergies of triple quantum well as a function of structural 

parameters of (a) central quantum well width (Lwc), (b) right barrier thickness (LbR) (c) right 

quantum well width (LWR), and (d) applied external electric field (F). 

 

Figure 2 shows the variation of the energy 

difference between the ground state and 

the first three excited states for different 

values of structure parameters (Lwc, LbR, 

LwR) and applied external electric field (F). 
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   In Fig (2a), we observe the variation of 

𝐸10, 𝐸20, 𝐸30 as a function of the central 

well width. It appears that the 𝐸10 and 𝐸30 

display an opposite variation. In fact, 𝐸10 

increases slowly with Lwc and then 

decreases, however 𝐸30 decreases from 

100 meV ( Lwc = 10 nm) until it reaches a 

minimum of around 65 meV at (Lwc = 18 

nm) and then increases gradually. 

However, 𝐸20 rises slowly from 48meV to 

60meV. All these variations are useful to 

discuss the red and blue shifts that may be 

observed in the NOR, SHG, and THG 

coefficients. In Fig (2b) we display the 

impact of the right barrier width (LbR) on 

𝐸10, 𝐸20, 𝐸30 variations. It is shown that the 

augmentation of (LbR) does not affect 

significantly the energy separations. For 

instance, we remark that 𝐸20 is practically 

constant for all values of (LbR). So we can 

conclude that the energy variation is more 

sensitive to the width variation of the 

quantum well than that of the right barrier. 

In Fig (2c), the increase of right quantum 

well-width (LwR) reduces the energy 

separations 𝐸10, 𝐸20.However, 𝐸30 presents 

a strong reduction at first, and then it starts 

to increase with (LwR). The effect of the 

electric field on the energy separations is 

shown in Figure (2d). It is clear that 𝐸30 

increases (blue shift) with all values of the 

electric field intensity contrarily to the 

previous cases when it shows two shifts 

(red and blue). 

Table 1. Dipole moment matrix elements for different confinement parameters (a)- (c) and (d) 

applied external electric field. 

(a) 

(b) 

(c) 

(d) 

 

 

   The dipole moment matrix elements 

values are responsible for the amplitude of 

the resonant peaks in each case, Table 1. 

Accordingly, Fig. 3 exhibits the NOR 

coefficient as a function of incident photon 

energy, with three different values of 

structure parameters. From Fig. 3(a) it is 

noticed that the variation of the center well 

width (Lwc) initially produces a blue shift 

and then a red shift with the increment of 

Lwc. This variation is seen from a black 

solid line in Figure 2 (a). The ground state 

and first excited state energy difference 

initially start increasing and then 

decreasing with the increment of center 

well width. The magnitude of the optical 

Lwc (nm) M00 (nm) M11 (nm) M10 (nm) M21 (nm) M20 (nm) M32 (nm) M30 (nm) 

10 22.0250 22.0126 2.3734 11.3716 0.0013 4.2658 2.009 

15 24.5250 24.5233 3.3711 9.0355 6.30e-04 11.1464 1.3888 

20 27.025 27.025 4.4428 4.4743 7.54e-05 15.4743 0.1004 

LbR (nm) M00 (nm) M11 (nm) M10 (nm) M21 (nm) M20 (nm) M32 (nm) M30 (nm) 

2 24.5250 24.5233 3.3711 9.0355 0.006301 11.1464 1.3888 

5 24.4072 19.2335 3.170 3.9247 0.0633 5.2643 1.5992 

7 24.4037 18.8294 3.0593 1.5073 0.0278 2.0752 1.6123 

LwR (nm) M00 (nm) M11 (nm) M10 (nm) M21 (nm) M20 (nm) M32 (nm) M30 (nm) 

5 24.5023 24.5060 3.3451 7.0488 1.3683 3.9598 0.1388 

10 24.5023 24.5060 3.0711 9.0355 0.063 11.1464 1.3888 

15 24.5023 24.5060 2.9375 7.5110 2.5865 8.2665 1.4383 

F(kV/cm) M00 (nm) M11 (nm) M10 (nm) M21 (nm) M20 (nm) M32 (nm) M30 (nm) 

0 24.5250 24.5233 3.3711 9.0355 0.001 11.1464 1.3888 

60 24.2095 22.4747 2.9419 7.9811 1.9763 7.2899 0.8900 

120 23.8842 22.5546 2.4356 5.7171 2.7193 4.8256 0.4911 



International Journal of Nanoscience and Nanotechnology                    255 

rectification coefficient has been raised. 

The amplitude increment is attributed to 

the M10 dipole moment matrix element, 

which increases as Lwc augments. From 

Fig. 3(b), nonlinear optical rectification 

shifts to higher energy levels with the 

increment of the barrier thickness (LbR). 

This blue shift is due to the increment of 

E10 with LbR which is shown by the black 

solid line in Fig. 2 (b). In this case, NOR 

response decreases in magnitude following 

the behavior of the dipole moment matrix 

element (M10) with LbR. In addition, Fig. 

3(c) shows the NOR coefficient red-shifted 

with the widening of the right well (LwR) 

since E10 decreases with an increment of 

LwR in Fig 2(c). Likewise, the dipole 

moment matrix element (M10) diminishes 

with augmenting LwR, with the consequent 

effect on the amplitude of the optical 

rectification coefficients. 

 

 
Figure 3. Nonlinear optical rectification coefficient as a function of incident light energy for 

different sets of structural parameters (a) Lwc (b) LbR (c) LwR. 

 

   The influence of the applied static 

electric field on the NOR coefficient 

appears in Fig. 4 as a function of incident 

light energy, for three different values of 

field intensity. The increment of F causes 

the decrement of the energy difference 

between the ground state and the first 

excited state energy difference, as shown 

by the black solid line in Fig. 2(d). The 

applied electric field causes the redshift of 

the optical rectification coefficients. The 

amplitude of the NOR coefficient 

decreases since the dipole moment matrix 

element (M10) also diminishes with the 

increment of the applied electric field. The 

decrease of (M10) is attributed to the 

reduction in the overlap between the 

ground and first excited wavefunctions. 
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Figure 4. Nonlinear optical rectification coefficient as a function of incident light energy, for 

three different external electric field values. 

 

 
Figure 5. Second harmonic generation coefficient as a function of incident light energy for 

different sets of structure parameters (a) Lwc (b) LbR (c) LwR. 

 

   The second harmonic coefficient has 

been presented as a function of incident 

photon energy for three different structure 

parameters, i.e. Lwc, LbR, and LwR, 

respectively. The resonant peak of optical 

SH coefficients moves to the higher energy 

region by increasing the center well width 

(Lwc), as shown in Fig. 5(a). The involved 

energy variation with the change of Lwc is 

seen from the red dashed line in Figure 
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2(a). In addition, the magnitude 

(~M01M12M20) of the SHG coefficients 

decreases with increasing Lwc, since the 

product of dipole moment matrix elements 

reduces as well. Figure 5(b) presents the 

SHG coefficient for different right well 

barriers (LbR). The position of the main 

resonant SHG coefficient peak does not 

change much since the energy difference 

for different LbR values is stable, as 

noticed from the red dashed line in Fig. 

2(b). On the other hand, the SHG peak 

amplitude drastically rises with the 

increment of LbR due to the increment of 

the product of the dipole moment matrix 

elements. Figure 5(c) demonstrates the 

SHG coefficient for different values of 

LwR. The energy difference between the 

ground state and second excited states 

decreases with the increment of LwR. This 

decrement results in the redshift of the 

resonant SHG coefficient peak for 

different LwR values, the red dashed line in 

Figure 2 (c). The amplitude of the SHG 

peak increases with the increment of LwR 

values since the product of the dipole 

moment matrix element also augments. 

   The applied external electric field (F) 

tilts the confinement potential profile, 

which directly affects the displacement of 

the electron inside the quantum well. The 

electron is placed for different energy 

states, and the difference between the 

energy states decreases or increases as a 

result of the applied electric field. In Fig. 

6, the variation of the SHG coefficient is 

presented exposing the influence of this 

external probe. Due to the modification of 

confining potential, the energy difference 

between the ground state and the first two 

excited state (E10 and E20) decrease. E20 

slightly decreases, and the E10 decrement is 

noticeably seen in Fig. 2(d). All this 

reflects in almost no change of the main 

resonant peak position (very slightly 

towards red) and a noticeable shift to the 

red of the secondary peak. The amplitude 

of the SHG resonant peak augments with 

the increment of the F field because the 

dipole moment matrix elements increase 

with the increment of the F. 

 

 
Figure 6. Second harmonic generation coefficient as a function of incident light energy for 

different external electric field values. 
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Figure 7. Third harmonic generation coefficient as a function of incident light energy for 

different sets of structure parameters (a) Lwc (b) LbR (c) LwR. 

 

   The THG coefficient as a function of 

incident photon energy (ћω) is presented in 

Figure 7 for different structure parameters. 

The position of resonant peaks depends on 

the energy differences between the ground 

state and the first three excited states. The 

variation of the energy difference is seen in 

Figure 2. Figure 7(a) demonstrates the 

resonant THG coefficient for different 

center well width (Lwc) values. Figure 7(b) 

exhibits the THG coefficient for different 

right well barrier (LbR) values. Figure 7 (c) 

is for THG coefficients for different right-

well width (LwR) values. The variation of 

the structure parameters results in the 

change of energy difference between 

electron ground and first excited states. 

This produces displacements of THG 

coefficient resonant peak positions. The 

amplitude of the THG coefficient is, then, 

influenced by the product of the dipole 

moment matrix elements. 

   In Figure 8, the applied electric field (F) 

affects the THG coefficient's peak 

position. The main resonant peak position 

slightly shifts toward higher energies since 

the energy difference (E30) increases with 

the increment of the applied F field. The 

amplitude of the resonant peak decreases 

as F increases due to the product of the 

dipole moment matrix elements. The main 

reason for these behaviors is the change in 

the energy difference and the overlap of 

states with the potential structure. The 

electrons' localization is compressed or 

expanded. Thus, the overlapping increases 

or decreases. 



International Journal of Nanoscience and Nanotechnology                    259 

 
Figure 8. The same as in Figure 7 but for different external electric field values. 

 

   For Figures 5-8, double (for SHG) and 

triple (for THG) peaks are observed. For 

Fig. 5-6, the two-photon condition is not 

satisfied, and two peaks are observed. In 

the case of THG in Fig. 7-8, three-photon 

resonance is not satisfied, so triple peaks 

may be observed. The variation of the 

energy levels (ΔE) is seen in Fig. 2. In 

general, the physical origin of this 

behavior of nonlinear optical coefficients 

(NOR, SHG, and THG) is due to the 

quantum confinement effect. By changing 

the structure parameters and the applied 

external fields, the quantum confinement 

effects change. So the energy difference 

and the overlaps of states change. Electron 

localization is a crucial factor in studying 

the optical properties and understanding 

the behavior of the structure. This change 

allows the redshift or blueshift of the 

nonlinear optical properties of the 

structure. 

 

3. CONCLUSION 

   In the present work, the nonlinear optical 

rectification coefficient (NOR), second 

harmonic generation (SHG), and third 

harmonic generation (THG) of a triple 

InxGa1-xAs/GaAs quantum well has been 

investigated. The energy levels and wave 

functions are obtained using a numerical 

method. The optical properties are 

obtained using the density matrix 

approach. The structure parameters and the 

applied external electric field modify the 

electron energy levels inside the 

confinement potential. The variations of 

the energy separation 𝐸10, 𝐸20, 𝐸30 and 

their dependence on the quantum size of 

different quantum wells and barriers as 

well as the electric field were discussed in 

detail. The resonant peak positions in the 

NOR, SHG, and THG move to a lower or 

higher energy region as the variation of the 

structure parameters and the external 

electric field. The magnitude of these 

coefficients decreases or increases as well. 

The structure parameters and the external 

electric field play a crucial role in 

controlling the optical properties of the 

used structure. The simulation results are 

useful in understanding the carrier 

dynamic of triple quantum well and 

provide detailed information for the design 

and fabrication of InxGa1-xAs/GaAs-based 

optoelectronic devices operating in the 

infrared and far-infrared regions. In 

particular, the use of simulation results can 

help device designers optimize the 

structure and composition of the materials 

used in the triple quantum well, as well as 

optimize the device geometry and 

operating conditions. This can lead to more 

efficient and effective optoelectronic 

devices operating in the infrared and far-

infrared regions, which can have important 
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applications in fields such as 

telecommunications, sensing, and imaging. 
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