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Abstract 
   In this study, linearized transport pore model (LTPM) is applied for modeling nanofiltration (NF) 

membrane separation process. This modeling approach is based on the modified extended Nernst-Planck 

equation enhanced by Debye-Huckel theory to take into account the variations of activity coefficient 

especially at high salt concentrations. Rejection of single-salt (NaCl) electrolyte is investigated to take 

into account the effect of feed concentration, membrane charge density and pore size on rejection. The 

results show that the reduction of feed concentration and membrane pore size lead to increase the 

rejection of electrolyte in NF separation process. Furthermore, increasing the membrane charge density 

causes the rejection of co-ions to be increased leading to an enhanced total rejection. LTPM is compared 

to unmodified linearized model which approves the higher precision of the modified model especially at 

higher concentrations. 

Keywords: LTPM, Modified extended Nernst-Planck equation, Debye-Huckel.  

 

1. INRODUCTION 

   Nanofiltration is utilized in various 

industrial and environmental applications 

due to lower energy consumption and 

higher flux compared with reverse osmosis 

[1]. Modeling of NF separation for 

prediction of membrane performance and 

also a proper understanding of background 

mechanisms involved have been 

considered extensively in recent decades. 

Several fabrication techniques containing 

experimental data on the subject have been 

published during last decades [2, 3]. Also, 

during the last decade, modeling 

approaches have been redirected from 

black box empirical models based on 

irreversible thermodynamics to models 

based on enhanced Nernst planck (ENP). 

ENP_based models supply information on 

membrane properties and flow 

characteristics, incorporating the physical 

reality of the membrane in order to match 

measurable quantities like flux and 

rejection with adjustable membrane 

parameters such as membrane pore size, 

pore size distribution, membrane charge, 

thickness and etc. The most serious 

limitation in NF modeling is the 

requirement for the determination of model 

parameters like membrane charge and pore 

size which are not measurable easily in 

dimensions substantially close to atomic 

scales. Nanoscale phenomena involved in 

NF separation mechanisms for charged 

moieties are very complex. As a result, 

development of more accurate physical 

models (like molecular dynamic 

simulation) is also considered due to the 

absence of precise information on the 

physical structure and electrical properties 

of real NF membranes [4]. So, 
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development of NF modeling entails 

improvement of measurement methods for 

characterization of NF membranes and 

process flows so that a proper investigation 

according to model parameters becomes 

possible. 

 

Table 1. Advantages and disadvantages of each modeling approach. 

Model Advantages Disadvantages 

SC [1] Radial mass transport is considered Complexity of equations 

TMS [1] Simplicity compared with SC Radial mass transport is ignored 

DSPM [5-10] 
Porous membranes, considering steric 

effects 

Ignoring donnan and dielectric 

effects 

DSPM-DE [11-15] Including donnan & dielectric effects 
Complexity and time consuming 

procedure for solving equations 

LTM [16, 17] 

Reduction of the system of equations 

from differential equations to a system 

of algebraic equations and thus ease of 

solution. 

Ignoring the effect of activity 

coefficient in ENP 

MENP [18,19] 
Considering all effective parameters in 

the model 

Higher complexity of the system of 

equations 

HM [20] 
Higher prediction capability compared 

with SC & TMS 

Limited to homogeneous non-porous 

membranes 

 

   Various continuum modeling approaches 

are implemented for the modeling of NF 

each with variable degrees of accuracy 

including ENP_based models like DSPM 

[5-10], DSPM-DE [11-15], LTM [16, 17] 

and MENP [18,19], and also SC [1], TMS 

[1], HM [20], SEDE [21-23], SEDE-VCh 

[24] and PPTM [25-28]. A list of 

advantages and disadvantages of each 

modeling approach is summarized in Table 

1. 

   In this study, linearized transport pore 

model (LTPM) is applied for modeling NF 

separation process for a single-salt NaCl 

electrolyte. This modeling approach is 

based on the modified extended Nernst-

Planck equation enhanced by Debye-

Huckel theory to take into account the 

variations of activity coefficient at high 

salt concentrations, the details of which 

can be found in our previous study [18, 

19]. The difference between the approach 

in this study and our previous model is 

based in the application of linearization 

which reduces the calculation load of 

equations. This gives the model the 

potential for industrial calculations with a 

still acceptable precision. Rejection of 

single-salt (NaCl) electrolyte is 

investigated to take into account the effect 

of feed concentration, membrane charge 

density and pore size on flux and rejection. 

Based on the results, modified LTPM 

shows a good alternative for NF modeling 

within low to moderate feed concentration 

ranges. 

2. LINEARIZED TRANSPORT PORE 

MODEL (LTPM) 

   The extended Nernst-Planck (ENP) 

which is the governing equation for steady-

state flux (Ji) of charged species through 

membrane pores takes into account the 

contributions of diffusion, convection and 

electrical migration in the total ionic flux 

as follows: 
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   Where, Di,p is the ionic hindered 

diffusivity inside the pores and Ki,c the 

convective hindrance factor. Pressure 

differential is generally ignored in previous 

modeling studies. The influence of activity 

coefficient gradient is also ignored except 

for MENP model based on the assumption 

of dilute feed which is certainly deviated in 

stronger electrolyte solutions. For a single 

salt like NaCl, the gradient of electrical 

potential can be re-written as follows: 

1 2
1,c 1,p 2,c 2,p

1,p 2,p

2 2

1 1 2 2

z V z V
(K C ) (K C )

D Ddψ

Fdx
(z c + z c )

RT
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   Eq. 2 is linearized so that it gives: 
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   This can be simplified by description of 

the non-dimensional peclet number as 

follows: 
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   Rewriting Eq. 3 for Cp results in the 

following relation: 
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   Partition coefficients are needed to 

calculate c1,av to relate the inter-pore and 

intera-pore concentrations: 
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   The results will be: 
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   1 1 1 0c c x c     (10) 

   Linearization results in the reduction of 

the total system to three independent 

equations with
1c (0) , 

1c ( )x  and 
pC  as the 

unknown variables. The following 

algorithm can be used for solving the 

system of equations: 
 

(1) 
1c (0)  is calculated using Eq. 7 by at 

a fixed feed concentration (Cw). 

(2) 
pC  is guessed and 

1c ( )x  is 

calculated using Eq. 8. 

(3) 
1,avc  and 1c  are calculated using 

Eq. 9 and the guessed value is 

compared to Eq. 10. 

(4) Iteration is performed in the 

p w0 C C   range until convergence 

is prevailed. 

(5) Rejection is calculated using

p wR =1 C / C- . 

   MENP modeling approach was proposed 

by Zerafat et al. for the transport of high 

ionic strength NaCl electrolyte based on 

modified Nernst-Planck equation. Based 

on the results, the effect of ionic strength 

on gradient of activity coefficient cannot 

be ignored at high ionic strength values 

[18, 19]. In this study, LTPM and MENP 

modeling approaches are combined for 

modeling NF separation to take into 

account the effect of high ionic strength on 

rejection by reducing the complexity of the 

equations at the same time. 
 

3. LTPM-MENP MODELING 

3.1 Rejection of Single Salt Solutions 

   Ignoring the effect of activity coefficient 

in the NF of concentrated electrolyte 

solutions is not a proper assumption which 

results in the reduction of precision in the 

predicted rejection values especially at 

high feed concentrations. Activity 

coefficient of an ion is a simple or 
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complicated function of ionic strength in 

the electrolyte solution [1]. Some prevalent 

equations relating activity coefficient to 

ionic strength are summarized in Table 2. 

Also, Fig. 1 shows the variations of these 

equations with concentration which 

exhibits a significant controversy 

especially at higher ionic strength values. 

 

Table 2. Activity Coefficient correlations as a function of Ionic Strength. 

Model Formulation Coefficients Features 
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Figure 1. Variations of activity coefficient with concentration based on Debye-Huckel, 

Extended Debye-Huckel and Davies Equations. 

 

   Eq. 2 turns into the following equation 

by taking into account the variations of 

activity coefficient: 

1,c 1 1,p

1,p

2,c 2 2,p

2,p

V
α(I) K c C +

D

V
β(I) K c C

Ddψ

Fdx
γ(I)

RT

 
   

  

 
   

  

-

-  (11) 

0.00 

0.10 

0.20 

0.30 

0.40 

0.50 

0.60 

0.70 

0.80 

0.90 

1.00 

1.00 10.00 

γ
i 

I (M) 

Na+ DH Cl- DH 

SO42- DH Na+ EDH 

Cl- EDH SO42- EDH 

Na+ Davies Cl- Davies 

SO42- Davies 



International Journal of Nanoscience and Nanotechnology                    269 

   Where, 
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   For NaCl and Na2SO4, these will be: 
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   Equilibrium dissociation by taking into 

account the variation of activity coefficient 

will be: 
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   Based on Debye-Huckel theory, the 

activity of each ion in the solution is given 

by: 
0.5

2 2γ exp A 0.5i i i i

i

z z c
 

   
 

  (18) 

   For a single salt electrolyte, the interpore 

and inrapore activity coefficients are: 
(19) 
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   For the special case of 1:1 electrolytes: 
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   Which results in: 
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   This equation is solved based on 

Newton-Raphson procedure to obtain c1 

(0). 
 

3.2 Simulated Annealing 

   Simulated annealing algorithm is a 

powerful stochastic search method which 

is used to find a proper solution not 

necessarily optimized for combinatorial 

problems [29]. In combinatorial problems, 

a combination of some parameters and 

their permutation is proposed [30].  

   The idea behind simulated annealing is 

based on the annealing process. In the 

annealing process an alloy like steel is 

heated up to a certain temperature and after 

a certain period is cooled to the ambient 

temperature. The microstructure of 

annealed components are at equilibrium 

and pseudo-equilibrium state due to 

sufficient time for cooling and possess the 

minimum energy level. The energy 

distribution of the components at each 

temperature follows Maxwell-Boltzmann 

probability function: 

 
B

E
P E ~ exp

Tk

 
 
 

 (24) 

   In this technique, a high initial 

temperature is presumed for the system 

and then reducing this temperature to a 

lower value which is often the ambient 

temperature, through stochastic search in 

the neighborhood and utilizing Maxwell-
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Boltzmann probability distribution 

function the optimal value is determined in 

the acceptable range of parameters [31]. 

The effective parameters in simulated 

annealing are: 

1. Starting point: An acceptable 

answer that is generated randomly 

and affects the convergence rate of 

the algorithm. 

2. Initial temperature: This should 

be chosen so that the Maxwell-

Boltzmann probability distribution 

function for initial random inputs 

produce a value close to unity. 

3. Temperature reduction rate: 

Normally, 0.85-0.95 is desirable. 

The large values of this parameter 

prolong the runtime and extend the 

search space, while very small 

amounts of cooling may cause 

early algorithmic convergence. 

4. The number of repetitions in the 

inner loop: Low values lead to 

convergence to local optima and 

increase the rate of convergence. 

Therefore, the value of this 

parameter must be large enough to 

produce a large number of 

solutions to create a thermal 

equilibrium at any temperature. 

 

The value of these parameters depend 

on the dimensions of the problem and 

with several times the test run of the 

algorithm is determined for different 

values [32]. 

 

4. RESULTS AND DISCUSSION 

   The combination of transport and 

partitioning equations (Eqs.1-10), are 

solved using simulated annealing 

technique. The governing equations for NF 

membrane separation are solved using 

LTPM and the results are compared with 

the results from MENP. Numerical 

integration of ENP is performed using 4
th

 

order Runge-Kutta method with h = 0.01 

as the step size.  

 

4.1 Rejection of Single Salt Electrolytes 

   The results for the rejection of single salt 

(NaCl) electrolytes are given and 

compared in Tables 3-5 which are solved 

based on LTPM and MENP, respectively. 

For single electrolytes of a 1:1 salt (NaCl), 

it should be mentioned that the rejection of 

both ions will be the same. So, for every 

solution calculation of the rejection value 

of one ion is sufficient. The effects of 

various parameters such as feed 

concentration, membrane charge and pore 

size are also investigated on ionic 

rejection. Based on Tables 3-5, LTPM has 

always a higher prediction for rejection 

compared with MENP with different error 

percent in the 1.5-18.9 % range. Also, Fig. 

2 shows the variations of rejection at 

various transmembrane pressures and feed 

concentrations. It is obvious that after a 

certain feed concentration (0.1 M) 

transmembrane pressure enhancement 

cannot increase the rejection significantly. 
 

Table 3. Comparison of rejection values 

for NaCl solution by MENP and LTPM 

models (Xd = - 0.001 M, ∆Pe = 5 bar). 

Cw (M) 
rp 

(nm) 

MENP LTPM 
Error % 

Rejection % 

0.001 0.5 0.8840 0.9232 4 
0.001 1 0.2650 0.2974 10.9 

0.001 2 0.1623 0.1748 7.1 

0.01 0.5 0.4161 0.5136 18.9 
0.01 1 0.1342 0.1463 8.3 

0.01 2 0.1124 0.12 6.3 

0.1 0.5 0.3646 0.4167 12.5 
0.1 1 0.1403 0.1528 8.2 

0.1 2 0.1171 0.1248 6.2 

1 0.5 0.3758 0.4302 12.6 
1 1 0.1412 0.1539 8.2 

1 2 0.1176 0.1254 6.2 

 

Table 4. Comparison of rejection values 

for NaCl solution by MENP and LTPM 

models (Xd = - 0.001 M, ∆Pe = 15 bar). 

Cw (M) 
rp 

(nm) 

MENP LTPM 
Error % 

Rejection % 

0.001 0.5 0.9577 0.9722 1.5 
0.001 1 0.5332 0.5775 7.6 

0.001 2 0.3283 0.3609 9 

0.01 0.5 0.7003 0.7787 10 
0.01 1 0.2997 0.3220 6.9 

0.01 2 0.2331 0.2510 7.1 

0.1 0.5 0.6210 0.6724 7.6 
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0.1 1 0.3109 0.3335 6.7 

0.1 2 0.2416 0.26 7 

1 0.5 0.6340 0.6849 7.4 
1 1 0.3127 0.3355 6.8 

1 2 0.2427 0.2612 7 

 

Table 5. Comparison of rejection values 

for NaCl solution by MENP and LTPM 

models (Xd = - 0.001 M, ∆Pe = 25 bar). 

Cw (M) 
rp 

(nm) 

MENP LTPM 
Error % 

Rejection % 

0.001 0.5 0.9726 0.9821 0.9 
0.001 1 0.2650 0.2974 12.2 

0.001 2 0.1623 0.1748 8.9 

0.01 0.5 0.7965 0.8536 6.7 
0.01 1 0.1342 0.1463 4.4 

0.01 2 0.1124 0.12 4 

0.1 0.5 0.7234 0.7673 5.7 
0.1 1 0.1403 0.1528 4.7 

0.1 2 0.1171 0.1248 5 

1 0.5 0.7349 0.777 5.4 
1 1 0.1412 0.1539 4.6 

1 2 0.1176 0.1254 4.3 

 

 
Figure 2. Variations of Rejection for NaCl 

solution as a function of pressure differential 

for various feed concentrations using 3-

parameter LTPM (rp = 0.45 nm).  

 

4.2 Effect of Feed Concentration 

   Fig. 3 shows the rejection values for a single 

salt solution of NaCl for various feed 

concentrations using LTPM approach. Based 

on the results, rejection is reduced rapidly with 

concentration and maintains a constant value at 

~ 0.01 M. 

 
Figure 3. Effect of feed concentration of the 

rejection of NaCl for LTPM and modified 

LTPM. 
 

   Based on this figure, the modified model 

has always a higher prediction of rejection. 

This can be due to the effect of 

intermolecular forces which reflect 

themselves in the activity coefficient and 

higher interactions with the membrane 

material resulting in higher rejections at 

similar feed concentrations. 

 

 
Figure 4. Variations of NaCl rejection as a 

function of transmembrane pressure at 

different membrane charge densities using 

the 3 parameter LTPM (rp = 2 nm). 

 

4.3 Effect of Membrane Charge 

   Fig. 4 shows the effect of NaCl rejection 

as a function of transmembrane pressure at 

various membrane charge values. As it is 

obvious, the sign and value of membrane 

charge has a significant effect on rejection 
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increasing by increasing the membrane 

charge. It should be noted that charge 

exclusion is one of the main rejection 

mechanisms contributing in NF separation. 

Based on this mechanism, repulsion of 

ions with same charge as the membrane 

prevents ions from passing through 

membrane pores. 

 

4.4 Effect of Pore Size 

   Fig. 5 presents the variations of rejection 

as a function of transmembrane pressure at 

various pore size values. Based on this 

figure, the smaller the membrane pores the 

higher the rejection is where at 0.5 nm the 

rejection is enhanced significantly, which 

is the initiation of RO behavior. Fig. 6 also 

shows the variations of rejection as a 

function of pore size compared for the 

modified and unmodified versions of 

LTPM model. The results show that the 

variation of ionic strength show a more 

significant impact on rejection at higher 

pore radii where they approach the same 

value at small pore radii close to ~ 0.5 nm. 

For investigating the precision of 

linearization, the numerical solution by 

Runge-Kutta method is compared with the 

linearized results. For NaCl, the results of 

concentration profile across the membrane 

for various pore sizes and membrane 

charge values are given in Figs. 7 (a)-(d). 

Based on Figs. 7 (a)-(d), the linear 

assumption seems to be acceptable at low 

concentrations. The rejection values for 

NaCl solution are given in Tables 1 to 3 at 

1, 10 and 25 bar. The results show that at 

low pressures the linearized model has a 

good accordance with the full model while 

at higher pressures the error is intensified 

(especially at low concentrations). 
 

4.5 Effect of Activity Coefficient 
   Effect of activity coefficient variations 

on the rejection of single salt solutions is 

investigated by comparing the results 

based on ENP and MENP models for NaCl 

solution. 

   Based on the results in Tables 6-8, at low 

pressures (under ~ 10 bar) ignoring activity 

coefficient doesn’t introduce serious faults 

in the predicted values while at higher 

pressures (> ~ 10 bar) the effect of activity 

coefficient variation on rejection cannot be 

ignored especially at 2 nm pore size which 

is considered as the nominal upper limit of 

NF behavior in pressure-driven membrane 

separation processes.  

 
Figure 5. The variations of rejection for 

NaCl solution as a function of 

transmembrane pressure for various pore 

size values using the 3-parameter LTPM 

model. 

 

 
Figure 6. Variations of rejection as a 

function of pore size compared for 

modified and unmodified versions of 

LTPM model. 
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Figure 7. The profiles of dimensionless 

concentration of Na
+
 using the 3-paramter 

LTPM model: (a) rp=2 nm, Xd =0, (b) rp = 

0.5 nm, Xd = -1, (c) rp = 0.5 nm, Xd=0, and 

(d) rp=2 nm, Xd = -1. 

 

Table 6. Comparison of rejection values 

for NaCl solution (Xd = - 0.001 M, ∆Pe = 1 

bar). 

Cw (M) 
rp 

(nm) 

MENP ENP 
Error % 

Rejection % 

0.001 0.5 0.9847 0.6670 32.3 

0.001   0.1617 0.0725 55.2 

0.001   0.0689 0.0421 38.9 

0.01 0.5 0.1513 0.1566 3.4 
0.01   0.0367 0.0343 6.5 

0.01   0.0408 0.029 28.9 

0.1 0.5 0.1245 0.1275 2.3 
0.1   0.0405 0.0359 11.3 

0.1   0.0433 0.0303 30 

 

Table 7. Comparison of rejection values 

for NaCl solution (Xd = - 0.001 M, ∆Pe = 

10 bar). 

Cw (M) 
rp 

(nm) 

MENP ENP 
Error % 

Rejection % 

0.001 0.5 0.9972 0.9598 3.7 
0.001   0.5129 0.4724 7.8 

0.001   0.3608 0.2862 20.7 

0.01 0.5 0.6387 0.6954 8.1 
0.01   0.2610 0.2476 5.1 

0.01   0.2694 0.1971 26.8 

0.1 0.5 0.5708 0.5826 2 
0.1   0.2839 0.2574 9.3 

0.1   0.2826 0.2045 27.6 

 

Table 8. Comparison of rejection values 

for NaCl solution (Xd = - 0.001 M, ∆Pe = 1 

bar). 

Cw (M) 
rp 

(nm) 

MENP ENP 
Error % 

Rejection % 

0.001 0.5 0.9988 0.9821 1.6 
0.001   0.7217 0.6896 4.4 

0.001   0.5486 0.4518 17.6 

0.01 0.5 0.8209 0.8536 3.8 
0.01   0.4476 0.4239 5.3 

0.01   0.4310 0.321 25.5 

0.1 0.5 0.7579 0.7673 1.2 
0.1   0.4756 0.4367 8.2 

0.1   0.4482 0.3318 26 
 

5. CONCLUSION 

   In this study, linearized transport pore 

modeling approach is applied for modeling 

NF separation process. This modeling 

approach is based on the MENP equation 

improved by Debye-Huckel theory to take 

into account the variations of activity 

coefficient especially at high salt 

concentrations. Rejection of a single-salt 

(NaCl) electrolyte is investigated to 

investigate the effects of feed 

concentration, membrane charge density 

and pore size on variation of rejection. The 

results show that the reduction of feed 

b 

c 

d 
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concentration and membrane pore size lead 

to an increase in rejection of electrolyte 

solutions in NF separation. Furthermore, 

increasing membrane charge density 

causes the rejection of co-ions to be 

increased leading to an enhanced total 

rejection. The LTPM modeling approach is 

compared to unmodified linearized model 

which shows the higher prediction of the 

modified model especially at higher 

concentrations with an error variation in 

the 1.5-18.9 % range. 
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