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Abstract 
In this paper, we have studied the strain, band-edge, and energy levels of cubic InGaAs quantum dots 

(QDs) surrounded by GaAs. It is shown that overall strain value is larger in InGaAs-GaAs interfaces, as 

well as in smaller QDs. Also, it is proved that conduction and valence band-edges and electron-hole 

levels are size dependent; larger QD sizes appeared to result in the lower recombination energies. 

Moreover, more number of energy levels separate from the continuum states of bulk GaAs and come 

down into the QD separate levels. In addition, we show that change of band gap and energy level by size 

is not linear, i.e., band gap and energy level in smaller QDs are more sensitive to QD size. Our results 

coincide with former similar researches. 
Keywords: Band-edge, Engineering energy levels, QD laser, Quantum dot size, Strain PACS 

numbers: 73.63.Kv; 85.35.Be; 42.55.Px. 

 

1. INRODUCTION 

   Semiconductor lasers have found many 

applications, and among many types of 

them, Quantum dot lasers have found a 

special place in new life due to their 

interesting characteristics arising from 

their discrete energy levels. Effects of 

various factors such as QD size (Baskoutas 

and Terzis, 2006; Pryor, 1998), percentage 

of constituent elements of the QD (Shi et 

al., 2011; Borji and Rajaei, 2016), 

substrate index (Povolotskyi et al., 2004; 

Rajaei and Borji, 2015b), strain (Pryor and 

Pistol, 2005; Shahraki and Esmaili, 2012), 

usage temperature (Chen and Xiao, 2007; 

Kumar et al., 2015; Narayanan and Peter, 

2012; Rossetti et al., 2009; Borji and 

Rajaei, 2015a), wetting layer (WL), and 

distribution of QDs are shown to be 

important in the energy levels and 

performance of quantum dot lasers (Rajaei 

and Borji, 2015a; Borji and Rajaei, 2015b). 

Thus, finding the effect of these factors can 

be instructive in optimizing the laser 

performance. QD size effects are 

interesting and important, since it can 

change recombination energies and carrier 

relaxation and recombination times (Heitz 

et al., 1997). 

   Quantum dots and other dimensionally 

confined structures have been the focus of 

many researches due to their optical 

properties arising from the dimensional 

confinement of carriers (Markéta 

ZÍKOVÁ, 2012, Ma et al., 2013; Danesh 

Kaftroudi and Rajaei, 2010; Nedzinskas et 

al., 2012; Vafafard et al., 2013; 

Mortezapour et al., 2015). They have 

found many applications in semiconductor 

lasers and optical amplifiers (Bimberg et 

al., 2000; Gioannini, 2006; Danesh 

Kaftroudi and Rajaei, 2011; Asryan and 

Luryi, 2001). 𝐼𝑛𝑥𝐺𝑎1−𝑥𝐴𝑠/GaAs devices 

are now widely used in laser devices 

(Woolley et al., 1968; Nedzinskas et al., 

2012; Hazdra et al., 2008; Fali et al., 2014; 

Yekta Kiya et al., 2012; Shafieenezhad et 

al., 2014); thus, a ubiquitous view of the 

energy states, band-edges, strain, and other 
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features, and their variation by QD size can 

be helpful. 

   Color of laser received from a QD laser 

is determined by the band gap width. In 

bulk semiconductors band gap is fixed. 

However, this situation changes in QDs, 

i.e., electrons will be sensitive to the nano-

scale boundaries and adjust their energy 

which results in the change of laser color.  

In semiconductor hetero-structures which 

contain more than one material, energy 

states appear to be more complex than bulk 

samples due to the significant role of 

strain. Strain tensor depends on lattice 

mismatch, elastic properties of neighbor 

materials, and geometry of the QD 

(Trellakis et al., 2006). This research 

represents a quantum numerical study of 

the energy states, band structure, and strain 

tensor of In0.2Ga0.8As QDs grown on 

GaAs substrate. This composition is 

previously used in some works; see for 

example (Kazi et al., 2001). 

The rest of this paper is organized as 

follows: section II explains the numerical 

model; results and discussions are 

presented in section III; finally, we make a 

conclusion in section IV. 

 

2.NUMERICAL MODEL 

   Having formulated the dot structure, 

band energies of a zinc-blende crystal is 

obtained next by Schrödinger equation: 

 

 𝐻0 + 𝐻𝑘 + 𝐻𝑘 .𝑝 + 𝐻𝑠.𝑜 . + 𝐻𝑠.𝑜 .
′  𝑢𝑛𝒌(𝒓) =

𝐸𝑛 𝐤 𝑢𝑛𝒌(𝒓)        (1) 

With 𝑢𝑛𝒌(𝒓) as the periodic Bloch 

function and 

𝐻0 =
𝒑2

2𝑚0
+ 𝑉0 𝒓, 𝜀𝑖𝑗         (2) 

𝐻𝑘 =
ℏ2𝒌2

2𝑚0
        (3) 

𝐻𝑘 .𝑝 =
ℏ

𝑚0
𝒌. 𝒑        (4) 

𝐻𝑠.𝑜. =
ℏ

4𝑚0
2𝑐2  𝛔 × 𝛁𝑉0 𝒓, 𝜀𝑖𝑗   . 𝒑     (5) 

𝐻𝑠.𝑜.
′ =

ℏ

4𝑚0
2𝑐2  𝛔 × 𝛁𝑉0 𝒓, 𝜀𝑖𝑗   . ℏ𝒌     (6) 

   In these equations 𝑖, 𝑗 stand for 𝑥, 𝑦, or 𝑧. 

𝝈 is the Pauli spin matrix, 𝑉0 𝒓, 𝜀𝑖𝑗   is the 

periodic potential of the strained crystal, 𝑐 

is the light velocity, and 𝑚0 is the mass of 

electron. This equation can be solved by 

expansion of 𝑉0 𝒓, 𝜀𝑖𝑗   to first order in 

strain tensor 𝜀𝑖𝑗  (Bahder, 1990). In the 

Cartesian system the solution is: 

 

Table1. Parameters used in the model. 
Parameter GaAs InAs 

Band gap (0K) 1.424eV 0.417eV 

lattice constant 0.565325 nm 0.60583 nm 

Expansion 

coefficient of lattice 

constant 
0.0000388 0.0000274 

Effective electron 

mass (Γ) 
0.067mo 0.026mo 

Effective heavy hole 

mass 
0.5mo 0.41mo 

Nearest neighbor 

distance (300K) 
0.2448 nm 0.262 nm 

Elastic constants 

𝑪𝟏𝟏 = 122.1 

𝑪𝟏𝟐  = 56.6 

𝑪𝟒𝟒  = 60 

𝑪𝟏𝟏  = 83.29 

𝑪𝟏𝟐  = 45.26 

𝑪𝟒𝟒  = 39.59 

 

 

𝐸𝑛 𝐤 = 𝐸𝑛 𝟎 +
ℏ2𝑘𝑖𝑘𝑗

2
 

1

𝑚𝑛
∗  

𝑖 ,𝑗
     (7) 

In which the tensor of the effective mass is 

defined as (Galeriu and B. S., 2005): 

 

 
1

𝑚𝑛
∗  

𝑖 ,𝑗
=

 
1

𝑚0
 𝛿𝑖 ,𝑗 +

2

𝑚0
2  

 𝑛 ,0 𝑝𝑖
′  𝑚 ,0  𝑚 ,0 𝑝𝑗

′  𝑛 ,0 

𝐸𝑛  0 −𝐸𝑚  0 𝑚≠𝑛   

 

(8) 

  

   Parameters related used in this paper are 

given in Table 1 (Jang et al., 2003; Singh, 

1993; Yu, 2010). Also, for 𝐼𝑛𝑥𝐺𝑎1−𝑥𝐴𝑠 

the parameters are calculated as follows: 

Lattice constant at T=300K (Adachi, 

1983):  

 

𝑎 = (6.0583 − 0.405(1 − 𝑥)) Å     (9) 

Effective electron mass at 300K 

(T.P.Pearsall, 1982): 

𝑚𝑒 =  0.023 + 0.037 1 − 𝑥 +
0.003 1 − 𝑥 2 𝑚𝑜                (10) 

 

Effective hole mass at 300K (Schmidt, 

1999): 

𝑚ℎ =  0.41 + 0.1 1 − 𝑥  𝑚𝑜    (11) 

Effective light-hole masses at 300K: 
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𝑚𝑙𝑝 =  0.026 + 0.056(1 − 𝑥) 𝑚𝑜      (12) 

 

Effective split-off band hole-masses at 

300K is ~ 0.15 𝑚𝑜 . 

 

    In self-assembled QD growth, a WL 

with a few molecular layers is grown and 

millions of QDs are formed, each with a 

random shape and size. QDs are finally 

covered by a cap layer. Many shapes can 

be approximated for QDs, namely, 

cylindrical, cubic, lens shape, pyramidal 

(Qiu and Zhang, 2011), etc. For simplicity, 

the QDs are assumed here to be cubic and 

far enough to avoid any effects by 

neighbor QDs. The one-band effective 

mass approach is used in solving the 

Schrödinger equation, and the Poisson’s 

equation was solved numerically in a self-

consistent manner.  

   Figure 1 shows the cross-section of a 

14 × 14 × 14𝑛𝑚3 cubic In0.2Ga0.8As QD 

surrounded by GaAs. The substrate and 

cap thickness are assumed here to be 

20nm, and the wetting layer to be 0.5𝑛𝑚. 

This structure is grown on (001) substrate 

index. The growth-direction is along z-

axis. The unstructured mesh is used for the 

system in which smaller meshes are 

included inside the QD region. 

 

 
Figure1. Profile of a cubic InGaAs QD of 

14𝑛𝑚 × 14𝑛𝑚 × 14𝑛𝑚 on 20𝑛𝑚 thick 

GaAs substrate and 0.5𝑛𝑚 wetting layer. 

The meshes are seen in this figure.   

 

   When changing QD size, all the sides 

change simultaneously and the cubic shape 

is fixed. Also, the cell volume changes 

since cap and substrate index are fixed.  

 

3. RESULTS AND DISCUSSION 

   Strain is defined as the summation of all 

infinitesimal length increases relative to 

the instantaneous lengths (𝜀𝐿 =  Δ𝐿𝑡/𝐿𝑡). 

Thus, by taking into account length 

changes in all dimensions, one achieves a 

strain tensor 

 

𝜀𝑖𝑗 =
1

2
 

𝑑𝑢𝑖

𝑑𝑟𝑗
+

𝑑𝑢𝑗

𝑑𝑟𝑖
              (13) 

 

   Where 𝑑𝑢𝑖  is the length variation along 

direction i, and 𝑟𝑗  is the length in direction 

𝑗 (Povolotskyi et al., 2004). Diagonal 

components concern with expansion along 

an axis (stretch), while off-diagonal ones 

denote rotation. In our case, the strain 

tensor is a diagonal matrix as follows: 

 

𝜀 =  

𝜀𝑥𝑥 0 0
0 𝜀𝑦𝑦 0

0 0 𝜀𝑧𝑧

                (14) 

 

This tensor shows a biaxial in-plain strain 

defined as: 

 

𝜀𝑥𝑥 = 𝜀𝑦𝑦 = 𝜀|| =
𝑎||−𝑎𝑠𝑢𝑏𝑠𝑡𝑟𝑎𝑡𝑒

𝑎𝑠𝑢𝑏𝑠𝑡𝑟𝑎𝑡𝑒
             (15) 

 

and a perpendicular uniaxial strain defined 

as (Peressi et al., 1998): 

 

𝜀𝑧𝑧 = 𝜀⊥ = −
2𝐶𝑥𝑦

𝐶𝑥𝑥
𝜀𝑥𝑥 =

𝑎⊥−𝑎𝑠𝑢𝑏𝑠𝑡𝑟𝑎𝑡𝑒

𝑎𝑠𝑢𝑏𝑠𝑡𝑟𝑎𝑡𝑒
  (16) 

 

   Where 𝐶𝑖𝑗  are components of the matrix 

which interconnects stress 𝜎 to strain (i.e., 

𝜎 = 𝐶𝜀) (Chuang and Chang, 1997). 

   Figure. 2 illustrates the two non-zero 

elements of the strain tensor, namely, 𝜀
𝑥𝑥

 

and 𝜀
𝑧𝑧

 for two different QD sizes. As it is 

viewed, in both directions, strain tensor is 

subjected to change in interfaces. 

However, the near points appear to have 

different strains as well. 

In Fig. 3 non-zero elements of strain tensor 

are plotted along z-direction and at the 



48                                                 Rajaei
 
and Borji 

middle cross-section of the structure. It can 

be argued that the existence of indium in 

one side of interfaces leads to a jump in the 

strain tensor meaning a stretch in GaAs 

and squeeze in InGaAs lattice constant. 

   Along z-direction, as it is observed, 

strain experienced in interfaces is different 

for different QD sizes; the value is more 

for smaller QDs which informs of more 

stretch exerting on few number of atoms 

existing in a smaller QD. To explain, we 

notice that lattice constant of GaAs and 

InAs is 0.565325nm and 0.60577nm 

respectively and it increases almost 

linearly by indium percentage (Qiu and 

Zhang, 2011).   

 

(a) L=4, 𝜺
𝒙𝒙

  (b) L=20, 𝜺
𝒙𝒙

 

 
 

 
(c) L=4 , 𝜺

𝒛𝒛
  (d) L=20,𝜺

𝒛𝒛
 

 
 

 
Figure2. Strain tensor in different points of the device with L=4nm and L=20nm at T=295K 

 

  
 

Figure3. Components of strain tensor at two different QD sizes. 
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Strain is discussed in (Jiang and Singh, 

1997) that is due to 7% mismatch of lattice 

constants of GaAs and InAs(Zhao et al., 

2005). In fact, decreased QD size shortens 

the length along which atoms will match 

their lattice constant to the neighbor one. 

That is why they tolerate more tension and 

strain. 

   Figure. 4 depicts the Γ and Heavy-Hole 

(HH) band-edges of each point of QDs 

with different sizes on x-z plane in the 

middle cross-section of the structure. As it 

is observed, both conduction and valence 

band-edges have been fully subjected to 

change by size effect. Also, the cap layer 

band-edges have been subjected to change 

in the points close to the QD. Comparison 

of Fig. 4(a) with 4(c) or Fig. 4(b) with 4(d) 

shows that both electron- and hole-band-

edges of the QD are sensitive to size. 

   In Figure. 5 conduction and valence 

band-edges in z-direction, and the first 

allowed energy state of electrons and holes 

are shown. As it is clear, QDs of side 4nm 

has no allowed energy state for electrons 

into the QD. But enlargement of QD side 

to 14nm leads to a lowered electronic state 

which lay into the QD. More increase of 

QD size results in the more separated 

energy levels laid into the QD. Moreover, 

the recombination energies have decreased 

by size. Other states are among continuous 

states of the GaAs. Since in a laser device 

the photons are results of the separate 

energies of the QD, the laser wavelength is 

expected to elongate in larger QDs. Some 

similar results can be seen in (Baskoutas 

and Terzis, 2006; Jiang and Singh, 1997; 

Pryor, 1998) in which the size dependence 

is confirmed. They show that increase of 

size in QDs lowers the band gap, raises the 

hole states and decrease the electronic 

states. Our results showed a consonance 

with their findings. In addition, energy gap 

for bulk InAs and GaAs are 0.36eV and 

1.43eV respectively (Bratkovski and 

Kamins, 2010), but obviously, it changes 

here by size restriction.  

   In addition, change of conduction and 

valence band edges is shown in Fig. 6. 

Obviously QD size increase has enhanced 

the electronic band edge and decreased the 

heavy-hole band edge.  

 

(a) L=4nm, Γ 

 
 

(b)L=4nm, 

HH 

 
 

(c)L=20nm, 

Γ 

  

(d)L=20nm, 

HH 

  

Figure4. Valence and conduction band-edges in x-z plane in the cross-section of the QD. 

Note the numbers related to colors beside each figure. 
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(a) L=4nm (b) L=14nm (c) L=20nm 

   
Figure5. Conduction and valence band-edges of QDs in z-direction together with the first 

allowed energy states for electrons and holes at different sizes. 

 

(a) (b) 

  

Figure6. Conduction and valence band edges for various QD sizes 

 

Table2. First five eigenvalues of electron and hole for different QD sizes 

QD 

Size 

(nm) 

 

Level 

No 

 

Electron  

energy 

(eV) 

Hole energy 

(eV) 

Recombination 

energy 

 

Status 

 

4 1 1.17 -0.59 1.76 Among continuum states 

4 2 1.63 -0.65 2.28 Among continuum states 

4 3 1.64 -0.65 2.30 Among continuum states 

4 4 1.64 -0.66 2.30 Among continuum states 

4 5 2.10 -0.71 2.81 Among continuum states 

14 1 0.79 -0.55 1.35 Into QD separate states 

14 2 0.86 -0.56 1.43 Among continuum states 

14 3 0.86 -0.56 1.43 Among continuum states 

14 4 0.87 -0.57 1.44 Among continuum states 

14 5 0.94 -0.57 1.51 Among continuum states 

20 1 0.75 -0.54 1.30 Into QD separate states 

20 2 0.78 -0.54 1.33 Into QD separate states 

20 3 0.78 -0.55 1.34 Into QD separate states 

20 4 0.79 -0.55 1.35 Into QD separate states 

20 5 0.82 -0.55 1.38 Into QD separate states 
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   On the other hand, effect of size on the 

band edges is more for small QDs, but the 

results do not change much for QDs sizes 

of more than 8nm. This denotes that the 

effect of size on band edge is not linear. 

    

 
Figure7. Energy gap of the ground state 

versus QD size 

 

   Moreover, e-h energies as well as the 

valence and conduction bands are drawn in 

Fig. 7 as a function of QD size. The 

interesting result of this article is that QD 

size makes a nonlinear effect on 

recombination energy while band gap 

remains almost unchanged. Decreased 

recombination energy in larger QDs results 

in the elongated laser wavelength which 

should be regarded in fabrication of lasers. 

Note that in these figures hole states are 

almost insensitive to QD size and only 

electronic levels are subjected to change. 

   In addition, on Table 2 the first five 

eigenvalues of electron- and hole-states of 

different QD sizes are written. Clearly, size 

has changed the degeneracy of both 

electron and hole states as well as the 

recombination energies. 

 

4. CONCLUSION 

   We studied the band structure and strain 

tensor of In0.2Ga0.8As quantum dots grown 

on GaAs substrate by numerical solutions. 

It was shown that the total strain value is 

larger in the interfaces, and also in smaller 

QD sizes. The conduction and valence 

band-edges and electron-hole levels were 

found to be dependent on QD size as well; 

larger sizes resulted in the lower (higher) 

energy of electrons (holes). Thus, the 

recombination energies decreased in larger 

QDs. In addition, more number of energy 

levels separated from the continuum states 

of bulk GaAs and came down into the QD 

separate levels. Moreover, it was observed 

that degeneracy of levels was subjected to 

change by size variation. These results had 

a good consonance with Pryor et al results 

(Pryor and Pistol, 2005; Pryor, 1998). 
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