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Abstract:

Nanotechnology involves the ability to see and control individual atoms and molecules which are about 100
nanometer or smaller. One of the major tools used in this field is atomic force microscopy which uses a
wealth of techniques to measure the topography and investigates the surface forces in nanoscale. Friction
force is the representation of the surface interaction between two surfaces and surface topology. In order to
have more precise nano-manipulation, friction models must be developed. In this study a sensitivity analysis
has been conducted for nano-manipulation of nanoparticles toward dimensional and environmental
parameters based on Coulomb and Hurtado and Kim (HK) friction models using Sobol method. Previously
graphical sensitivity analysis has been used for this target in which the percentage of importance of
parameters is not taken into account. But in Sobol method as a statistical model this problem is solved.
Results show that cantilever thickness is the most effective dimensional parameter on critical force value
while cantilever length and width are of less importance. Environmental parameters such as cantilever
elasticity modulus, substrate velocity and adhesion, respectively, take next orders.
Keywords: Atomic Force Microscope, Coulomb friction model, HK friction model, Nano-manipulation,
Sensitivity analysis, Sobol method

1. INTRODUCTION
Sensitivity analysis (SA) is the study of how the
uncertainty in the output of a model (numerical or
otherwise) can be apportioned to different sources
of uncertainty in the model input [1]. A related
practice is 'uncertainty analysis' which focuses
rather on quantifying uncertainty in model output.
Ideally, uncertainty and sensitivity analysis must
be run in tandem. Sensitivity analysis can be used
to simplify models and investigate the robustness
of the model [2]. Despite the benefits of SA its
application has been rarely studied for friction
models in the case of nano-manipulation (Figure
1). The SA results are extremely important for
adjusting the critical force in nano-manipulation
and particle movement. They also determine which
instrument is appropriate for the accurate planning
of fabrication and assembly of nano-objects.

Figure 1. Ideal scheme of a possibly sampling-based

sensitivity analysis [2]

Nano-manipulation is an emerging area which
enables to modify, interact and control at Nano
scale and has received enormous attention in
previous years [22]. Atomic force microscope
(AFM) as a useful instrument for direct
measurements of intermolecular forces can be
employed in broad spectrum of applications. AFM
can also be used for imaging, indenting, moving
the sample and etc. The AFM probe as a nano23

manipulation tool enables precise particle
positioning for micro/nano-assembly [4], which is
the base of accurate control of nano-particles
positioning and assembling. The most important
part of nano-manipulation is the contact moment in
which pushing force leads to deformation in nanoparticle.
Sitti contemplated surface forces using
Johnson-Kendall-Roberts (JKR) theory and
propounded a new model for tele-operated
nanoparticle pushing [5]. More comprehensive
pushing dynamic model was proposed by
Taffazzoli and Sitti [6]. Static and free vibration
analysis of carbon nano wires with rectangular
cross section based on Timoshenko beam theory
was studied by Janghorban [7].
Since in nano-scale the ratio of area to volume
increases, contact forces such as friction become
more important and cannot be ignored [8].
Accordingly various friction models have been
developed to predict frictional behavior in nanoscale. Precise prediction of friction condition will
result in more accurate nano-manipulation
modeling, because friction force as a part of
contact forces can affect the critical force applied
by AFM tip. Therefore use of appropriate friction
model plays an important role in nanomanipulation and its accuracy. Continuum
mechanics models are usually considered for pure
adhesion but in order to include both static and
sliding friction Johnson put much effort in
extension of these models [9]. In a review by Falvo
and Superfine, methods for experiments are
introduced basically in which nano-manipulation is
used as a mean of uncovering the intrinsic response
and dynamical behavior of small objects [10].
Lateral force microscopy has been used by
Sumer and Sitti to study adhesion and friction
characterization at micro/ nano-scale [11].
Selection of an appropriate friction model has a
great influence on nano-manipulation. Therefore
Korayem et al. have compared and analyzed
different friction models [12]. In their study the
effects of different dimensional and environmental
parameters on critical force and time of nanomanipulation movement for three friction models,
Coulomb, HK and LuGre model have been
investigated. The graphical results of their analysis
did not indicate the percentage of importance of
the dimensional and environmental parameters
[13]. Korayem and Taheri have been modeled and
compared various contact theories for the
24

biomanipulation of biological micro/nanoparticles
in different biological environments for the first
time [23].
In this article Coulomb and HK friction models
and their application in nano-manipulation of
nano-particles are studied. Based on importance of
critical force in nano-manipulation of nanoparticles, different dimensional and environmental
parameters have been chosen to further their
influence on this force be analyzed statistically.
Regarding to this fact Sobol method has been used
to investigate the effect of variation of parameters
on critical force for Coulomb and HK models. The
results are presented in percentages of the effects
to make it easier to compare.

2. METHODS
In recent years AFM as a fundamental tool for
moving, manufacturing and assembling nanoparticles
has
attracted scientists.
Nanomanipulation modeling is a basic instrument for
having a precise and controlled displacement of
particles in micro/nano scale. Transitions from
macro to nano world results in increasing of area to
volume ratio and consequently contact forces such
as adhesion and friction become more important.
Hence the manipulation modeling is fundamentally
dependant on friction. In fact, having success in
nano-manipulation modeling to predict the
experimental results is greatly related to accuracy
of friction modeling.

2.1. Nano-particle manipulation modeling
In general, nano-manipulation process includes
imaging of substrate and the particles on it,
locating of probe tip on target nano-particle and to
start manipulation substrate or tool base moves
with constant velocity. For accurate nanomanipulation by AFM, the probe tip is brought to
contact with the particle. To make sure of initial
contact, a deformation equal to ZP0 (Equation 12)
is applied.
According to the initial movement of the
substrate with the constant velocity, Vsub, the
particle and consequently the manipulating probe
tip start moving with the same velocity (Figure 2).
As a result, the applied load on the particle and the
reaction force on the tip including bending and
twisting in the cantilever will increase. The exerted
force by the manipulator, FT, increases to a critical

Korayem et al.

value in order to overcome the adhesion forces
including contact and friction forces between the
tip and substrate.

Figure 2. Modeling contact pushing of a nanoparticle

using an AFM probe: nano-scale surface and
contact forces between the tip, particle, and
substrate [12]

Accurate
modeling
of
the
cantilever
deformation and the adhesion forces between
contacting surfaces plays an important role in
dynamic modeling of pushing based on AFM. The
most important forces in this process are the spring
forces (Fy, Fz), the cantilever moment (Mө),
vertical and horizontal forces of the probe tip (F Y,
FZ), and the applied force of the tip FT. The forces
are normal to the torsion angle, ө, (zp and ө are
interdependent) and the horizontal deformation of
the cantilever, yp (Figure. 3).

Figure 3. particle Driving forces on the nanoparticle by

the AFM probe tip modeled as a sphere [12]

Considering the contact deformation between
particle-probe tip, δtip, and particle substrate, δsub, the
kinematic equations of the probe tip are given by:
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where ψ and φ, are the force angle of the probe and
the contact angle of the probe tip-particle,
respectively. m, is the constant parameter
depending on the tip geometry. Ky and Kz are
Lateral spring constant of the cantilever and
Normal spring constant of the cantilever,
respectively [12].
A dynamic modeling algorithm is shown in
Figure 4. Phase one is separated from phase two
with a dashed line. According to the figure the
input of the problem prior to the movement of the
particle on the substrate consists of the position of
the particle, and the output is the exerted force, F T,
by the probe tip on the particle. At this point,
normal bending and twisting of the cantilever are
directly measured by the light beam or other
methods. As the second phase of the simulation
algorithm shows, by increasing the applied force to
the critical limit, FT remains constant and the
particle starts moving on the substrate. The output
of this segment demonstrates the dynamic
performance and the amount of displacement of
the particle.

Figure 4. Algorithm for dynamic modeling and

displacement of the

To determine the particle displacement during a
certain period in which the substrate moves with a
defined speed, the starting moment of particle's
motion must be known. In previous researches, the
kinematic and dynamic equations regarding the
movement of probe and particle have been
obtained from the free body diagram of the
problem. The initial conditions based on the
specific and fixed velocity of the substrate, the
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geometry and material of the cantilever, probe, and
particle have also been determined [12].

2.2. Hurtado and Kim (HK) friction model
Equation (5) presents that friction force fT is
proportional to sum of vertical force fN and
adhesion force f0 and there is no dependence on
apparent contact surface of macroscopic bodies
[14]. This equation explains macroscopic sliding
friction [15].
f T  ( f N  f 0 )
(5)
Also, for a micro-contact, friction force is
considered to be:
f T  A
(6)
in which, A, is the real micro-contact area and τ, is
the shear strength. Both of these parameters are
related to vertical force.
Hurtado and Kim have explained the
measurement of micro friction with the silica
spheres of 2.5 micrometer radiuses [16]. Due to
reduced volume forces and increased effect of
contact forces, friction modeling plays an
important role in micro/nano electromechanical
instruments modeling [17]. The relation between
and
dimensionless frictional stress   
f

dimensionless contact radius

a

a
b

f

G

has shown in

Equations 8-10. In these equations, a, is a contact
radius, b is a vector domain and G  is an effective
shear modulus which can be obtained as follows
[16-17]:
G 
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Maximum shear force in static contact between
two asperities can be obtained by HK model
(Equation 11).

2.3. Other friction model
There are other friction models defined for
different situations some of which are presented
here. Armstrong has presented a modified classical
model for some of dynamic frictional phenomenon
[18].
Dahl model has been established in order to
simulate control systems with expanded friction.
The start point of Dahl model was some
experiments on server systems with ball bearing.
Dahl extended an approximately simple model
which was used for simulation systems with ball
bearing friction [19]. The start point for Dahl
model is stress-strain curve of classical solid
mechanics. Dahl modeled strain-stress curve with
different equations.
Canudas de Wit et al. presented LuGre model
in which Dahl model has been combined with
frictional features of arbitrary steady state. Stribeck
effect has been considered in this model which
produces non-constant effect in low velocities.
LuGre model consists of a nonlinear state and a
frictional force [20].
It was preferred to use HK friction model here
because it is the most similar model to the
Coulomb model. Besides this model is even more
accurate an applicable than Coulomb in nanoscale.

3. SIMULATION
3.1. Simulation of nano-particle manipulation
In this section, firstly, the initial values and then,
the necessary initial conditions for the problem to
be solved will be presented.

3.2. Initial values of the problem
(10)

Using these equations, friction force can be
26

obtained as follows:

In the present study, the simulation is verified by
using the available results [22]. Then mathematical
model development has been done considering
mechanical properties according to Table 1. In this
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simulation, a gold particle of 50 nm radius, R p, has
been pushed on the silicon oxide substrate that
moves with constant velocity. The ranges of
geometrical properties of the AFM are presented in
Table 2 and Environmental parameters ranges are
shown in Table 3.
E (GPa)



G (GPa)

169

0.27

40.5

2330

Table 2. AFM geometrical properties ranges

Length
(μm)
200-700

Width
(μm)
5-80

Thickness
(μm)
0.25-2.5

Note that the second derivative of cantilever
deformation and contact elastic deformation, are
negligible.

4. RESULTS
4.1. Nano-manipulation simulation results

Table 1. AFM mechanical properties
 ( Kg / m3 )

 y P0  yT0  0 


 yP  yT  0 

Height
(μm)
5-20

Table 3. Environmental parameters ranges

Velocity
( )

E
(Gpa)

K
(Gpa)

Adhesion
(J/m2)

0-800

120-200

10-100

0-3

Contact mechanics and tribological parameters
can be obtained experimentally for different
materials which are in contact. Surface energy
between the nanoparticle and the tip/substrate is
ω=0.2 J/m2. The constant friction coefficients for
static and dynamic movement of the nanoparticle
on the substrate are μs=0.8, and μd=0.7,
respectively. Shear strength is assumed to be
constant on the both contact surfaces between the
particle/substrate and the tip/substrate. The
mechanical properties of the AFM are summarized
in Table 1. Tip radius and contact angle are
Rtip=20nm and ø=60, respectively [22].

It was previously mentioned that in the first phase
of the nano-manipulation, the lateral force of the
probe tip on the sample increases due to the lateral
displacement and twisting of the probe. Changes
resulting from twisting of the probe on the vertical
force are minor, and therefore the contact point
between the probe tip and particle does not change.
The applied force by the instrument on the particle,
FT, increases until the critical value, F cr, is
obtained. At this very moment designated tcr, force
overcomes friction and the second phase of nanomanipulation begins in which particle starts
moving on the substrate. The amount of critical
force is obtained through simultaneous solution of
dynamic, contact, critical equations, and it is
affected by initial values and conditions.
In Figure 5, the applied forces on the particle
via the probe, including FY, FZ, and FT have been
plotted versus time. The critical force for the onset
of particle motion in the HK model is less than the
friction model of Coulomb. This could be justified
due to the HK model being more precise and the
fact that in the Coulomb model, only the apparent
surface of contact is considered. The results of
Figure 5 have been verified with Ref. [12].

3.3. Initial conditions
The substrate velocity is assumed to be 100 nm/s
and tip , sub are negligible. Initial conditions have
been obtained by simplifying the equations at t=0.
These initial conditions given in equation 12 have
been used during all the analysis [22]. As
previously mentioned, a small normal preload F z0 is
exerted by providing normal deflection offset zP0
on the AFM probe. By measuring ø0 in AFM
system, zP0 is obtained.
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Figure 5. Magnitudes of force versus time for Coulomb

and HK friction models

4.2. Dimensional sensitivity analysis results
Calculation of critical force of movement in nano-
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particle manipulation is highly important since
precise determination of this force causes accurate
and controlled movement and manipulation of
particle in order to manufacture nano/micro
instruments. The most effective factors on values
for critical force of movement are cantilever
dimensions including length, width, thickness and
height. Hence precise investigation of dimensional
effect of cantilever on critical force of movement is
crucial and affects nano-particle manipulation
analysis. In this study cantilever dimensional
sensitivity analysis based on Sobol sensitivity
analysis method has been done and its effect on
manipulating critical force using friction models
such as Coulomb and HK has been investigated.
As shown in Figure 6, in both Coulomb and HK
models, increasing of cantilever length results in
critical force decrease but with further increase of
cantilever length the slope become slower. It
shows that for the case of increasing length, using
different friction models does not affect the
simulation results.

critical force with increase in cantilever thickness
is significant hence especially for the case where
diameter size of nano-particle is smaller than 50
nm it is not desirable and must be prevented.

Figure 8. Cantilever thickness effect on critical force of
nano-manipulation

According to Figure 9, increasing of cantilever
height has no especial effect on critical force and
the critical force of movement remains constant
with cantilever height variations.

Figure 9. Cantilever height effect on critical force of

nano-manipulation

Figure 6. Cantilever length effect on critical force of
nano-manipulation

According to Figure 7, increase in cantilever
width leads to linear increase in critical force for
both models. So use of wider cantilevers needs
more accuracy in choosing proper friction model in
nano-manipulation process.

General comparison of dimensional sensitivity
analysis in manipulation of nano-particle for
Coulomb and HK friction models has been shown
in Figure 10. Although in both models the height
of cantilever has no effect on movement critical
force and can be ignored, cantilever thickness is
the most effective parameter on movement critical
force and the cantilever length is the second
effective parameter.

Figure 7. Cantilever width effect on critical force of

nano-manipulation

Figure 10. Cantilever dimensional sensitivity analysis

Figure 8 shows that in both Coulomb and HK
models increase in cantilever thickness causes
increase in critical force magnitude. Growth of
28
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for HK friction model

4.3. Environmental
results

sensitivity

analysis

In this section contact surface conditions and the
effect of their variations on critical force needed to
move nano-particles are investigated. Results are
shown in Figures 11-15.
As shown in Figure 11, increase in substrate
velocity to 600 nm/s has no especial effect on
critical force magnitude. Since the applied velocity
in manipulation of nano-particles is smaller than
this value, it can be concluded that substrate
velocity has no significant effect on critical force.

Figure 11. Substrate velocity effect on critical force of

nano-manipulation

Figure 12 shows that increase in cantilever
elasticity modulus leads to linear increase in
critical force in both Coulomb and HK models and
the more the elasticity modulus increases, the more
the critical forces in both models diverge from one
another. Thus for cantilevers with higher elasticity
modulus choosing proper friction model can affect
simulation results.

Figure 13. Equivalent elasticity modulus effect on

critical force of nano-manipulation

An increase of critical force with the increase in
surface adhesion parameter in both friction models
can be observed (Figure 14). More increase in
surface adhesion leads to closer simulation results
of Coulomb and HK models.

Figure 14. Adhesion coefficient effect on critical force of

nano-manipulation

Figure 15 shows the general comparison
between environmental parameters sensitivity
analysis in nano-particle manipulation based on
Coulomb and HK friction models. Consequently
cantilever elasticity modulus is the most effective
parameter on critical force of movement and after
that, the substrate velocity and surface adhesion
have the most important influence on it.

Figure 12. Cantilever elasticity modulus effect on critical

force of nano-manipulation

Inconsiderable and ignorable effect of
equivalent elasticity modulus on critical force of
nano-manipulation for Coulomb friction model has
been shown in Figure 13, while for HK friction
model increase in equivalent elasticity modulus
results in critical force reduction and two Coulomb
and HK models diverge from one another.

Figure 15. Environmental sensitivity analysis for

Coulomb and HK friction models

Figure 16 shows the general comparison of
sensitivity analysis between dimensional and
environmental parameters in manipulation of nanoparticle using Coulomb and HK friction models.
As shown, in both friction models cantilever
thickness- as a dimensional parameter- has the
most significant influence on critical force of nanomanipulation. Afterwards cantilever length and
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width, respectively, play the most important role in
critical force magnitude variation. Environmental
parameters are less effective but from among them,
as mentioned before; elasticity modulus of
cantilever has the greatest influence on critical
force while substrate velocity and surface adhesion
are less important. As expected, dimensional
parameters are more effective than environmental
parameters.

Figure 16. General sensitivity analysis of dimensional

and environmental parameters for Coulomb and HK
friction models

5. CONCLUSION AND DISCUSSION
In recent years AFM as a fundamental tool for
moving, manufacturing, and assembling nanoparticles has attracted many scientists. Modeling of
nano-manipulation process is a basic mean to
obtain precise and controlled displacement of
particles in micro/nano scale. Movement of probe
tip or substrate with the constant velocity of Vsub,
leads to increase in applied load, FT, from nanomanipulator on nano-particle to critical value of Fcr
in order to overcome adhesion forces such as
contact and friction forces between particle and
substrate. Hereafter the movement is started.
In this study, critical force for Coulomb and HK
friction models have been simulated and its
sensitivity to dimensional and environmental
parameters has been analyzed using Sobol method
to show the importance of these parameters in
variation of the nano-manipulation critical force.
Results shows that the critical force for the onset of
particle motion in the HK model is less than the
friction model of Coulomb, and this could be
justified because of the HK model being more
precise and the fact that in the Coulomb model,
only the apparent surface of contact is considered.
In both Coulomb and HK models, increase in
cantilever length results in decreasing critical force
but with further increase in cantilever length the
slope becomes slower which shows that for the
case of increasing length, using different friction
30

models cannot affect the simulation results.
Increase in cantilever width leads to linear
increase in critical force for both models. Hence
using wider cantilevers needs more accuracy in
using proper friction model for nano-manipulation
process. In both Coulomb and HK models,
increase in cantilever thickness causes increase in
critical force magnitude. Growth of critical force
with increase in cantilever thickness is significant;
therefore especially when nano-particle is smaller
than 50 nm it is not desirable and should be
prevented. Cantilever height increase has no
especial effect on critical force. General
comparison of dimensional sensitivity analysis in
manipulation of nano-particle for Coulomb and
HK friction models showed that the cantilever
thickness is the most effective parameter on
movement critical force, and the cantilever length
is the second effective parameter while in both
models the height of cantilever has no effect on
movement critical force.
Increase in substrate velocity up to 600nm/s has
no especial effect on critical force magnitude.
Since the applied velocity in nano-manipulation of
nano-particles is smaller than this magnitude, it
seems that substrate velocity has no significant
effect on critical force. Increase in cantilever
elasticity modulus leads to linear increase in
critical force in both Coulomb and HK models and
the more the elasticity modulus increases, the more
the critical forces in both models diverge from one
another. Consequently for cantilevers with higher
elasticity modulus selection of proper friction model
can affect results of the simulation. Inconsiderable
effect of equivalent elasticity modulus on critical
force of nano-manipulation for Coulomb friction
model observed while for HK friction model
increase in equivalent elasticity modulus results in
critical force reduction and diverging Coulomb and
HK models from each other. An increase in critical
force resultant from increase in surface adhesion
parameter in both friction models can be observed.
More increase in surface adhesion leads to closer
simulation results of Coulomb and HK models.
The general comparison between environmental
parameters sensitivity analysis in nano-particle
manipulation based on Coulomb and HK friction
models showed that cantilever elasticity modulus is
the most effective parameter on critical force of
movement and substrate velocity and surface
adhesion, respectively, has the second most
important effects on it.
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The general comparison of sensitivity analysis
between
dimensional
and
environmental
parameters in nano-manipulation of nano-particle
using Coulomb and HK friction models shows that
in both friction models cantilever thickness as a
dimensional parameter has the most significant
effect on critical force of nano-manipulation. After
that cantilever length and width play the most
important roles in critical force magnitude
variation, respectively. Environmental parameters
are less effective but as mentioned before;
elasticity modulus of cantilever is the most
effective parameter while substrate velocity and
surface adhesion are less important. As expected,
dimensional parameters are more effective than
environmental parameters.
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