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Abstract 
   The main purpose of the present investigation is to analyze more comprehensively the size-dependent 

nonlinear free vibration response of multilayer functionally graded graphene platelet-reinforced 

composite (GPLRC) nanobeams. As a consequence, both of the hardening stiffness and softening 

stiffness of size effect are taken into consideration by implementation of the nonlocal strain gradient 

elasticity theory within the framework of the third-order shear deformation beam theory. The graphene 

platelet (GPL) nanofillers are dispersed uniformly or in accordance with three different functionally 

graded patterns based on a layerwise change of their weight fraction through the individual layers. 

Halpin-Tsai micromechanical scheme is utilized to estimate the effective material properties of 

multilayer functionally graded GPLRC nanobeams. With the aid of the Hamilton's principle, the non-

classical governing differential equations of motion are derived. After that, an improved perturbation 

technique in conjunction with the Galerkin method is employed to achieve an explicit analytical solution 

for nonlocal strain gradient nonlinear frequency of multilayer functionally graded GPLRC nanobeams. 

It is indicated that at zero vibration amplitude, the pattern of GPL dispersion has no influence on the 

significance of the size dependencies. However, by taking the large vibration amplitude into account, 

both of the nonlocality and strain gradient size effects on the nonlinear frequency of O-GPLRC and X-

GPLRC nanobeams are minimum and maximum, respectively.  

Keywords: Nanostructures, Nanocomposites, Nonlinear dynamics, Graphene nanoplatelet, Nonlocal 

strain gradient elasticity. 

 

1. INRODUCTION 

   Similar to carbon nanotubes, graphene 

platelets (GPLs) have excellent per-

formance characteristics in several appli-

cations [1, 2]. In opposite to graphene 

nanosheets, GPLs are available in a broad 

range of thickness from 0.34 𝑎𝑛𝑔𝑠𝑡𝑟𝑜𝑚 to 

100 𝑛𝑚. Additionally, their high stiffness 

which is about 50 times stronger than steel 

in addition to having remarkable specific 

surface area that is twice that of carbon 

nanotube makes GPLs as one of the most 

efficient candidate to reinforce nano-

composite materials using in different 

technologies. For example, Ahmadi-

Moghadam and Taheri [3] enhanced the 

interlaminar fracture toughness of fiber-

reinforced polymer composites by 

including GPL nanofillers. Tang et al. [4] 

modified the form-phase change materials 

of plastic acid/high density polyethylene 

using GPLs as nanofillers. Scaffaro et al. 

[5] incorporated GPL as nanofiller in 

conjunction with ciprofloxacin as biocide 

into ploy lactic acid to create a 

biopolymer-based nanoomposites having 

antimicrobial properties. Yang et al. [6] 

achieved a great improvement in thermal 

conductivity as well as photoabsorption 

capability of poly ethylene glycol/ boron 

nitride composite by adding a very low 

content of GPL. Feng et al. [7] anticipated 

the nonlinear free vibration behavior of a 
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multilayer functionally graded composite 

beam reinforced with GPLs. Zhao et al. [8] 

explored the bending and vibration 

responses of FG trapezoidal plates 

reinforced with GPLs by employing the 

finite element method. Wang et al. [9] 

predicted the buckling behavior of 

cylindrical shells with cutouts reinforced 

with GPLs using finite element method. 

Feng et al. [10] investigated the effects of 

bi-axial stretching induced reorientation of 

GPLs on the Young's modulus of 

GPL/polymer composites using Mori-

Tanaka micromechanics model. Sun et al. 

[11] studied the tensile behavior of 

polymer nanocomposites reinforced with 

GPLs in both zigzag and armchair 

directions via molecular dynamics 

simulations. 

   Recently, the mechanical characteristics 

of multilayer functional graded graphene 

platelet-reinforced composite (GPLRC) 

structures have been studied. Song et al. 

[12] reported the free and forced 

vibrational responses of multilayer 

functionally graded GPLRC plates on the 

basis of the first-order shear deformation 

plate theory. Feng et al. [13] investigated 

the nonlinear bending behavior of 

multilayer functionally graded GPLRC 

beams modeled by Timoshenko beam 

theory and van Karman nonlinear strain-

displacement relationship. Yang et al. [14] 

analyzed the buckling and postbuckling 

characteristics of multilayer functionally 

graded GPLRC Timoshenko beams resting 

on an elastic medium. 

   Due to rapid advancement in materials 

science and technology, the miniaturized 

functionally graded composite materials 

can provide new opportunity for design of 

efficient micro- and nano-

electromechanical systems and devices 

[15, 16]. As a result, size dependency in 

mechanical behaviors of these nanosized 

structures is worthy studying. In the last 

decade, various unconventional continuum 

elasticity theories have been put to use to 

capture different small scale effects on the 

mechanical characteristics of functionally 

graded nanostructures. Zhang et al. [17] 

presented a novel Mindlin plate element on 

the basis of the modified couple stress 

elasticity theory for size-dependent 

bending, vibration and buckling analysis of 

microplates. Akgoz and Civalek [18] 

analyzed free vibrations of axially 

functionally graded tapered Euler-

Bernoulli microbeams using modified 

couple stress elasticity theory. Ramezani 

[19] used strain gradient elasticity theory 

to explore size effect on the nonlinear free 

vibration of microplates. Reddy et al. [20] 

developed the nonlinear finite element 

models of beam theories for bending of FG 

nanobeams based on nonlocal elasticity 

theory. Sahmani et al. [21] studied the 

postbuckling behavior of geometrically 

imperfect cylindrical nanoshells based on 

the surface elasticity theory. Shojaeian and 

Tadi Beni [22] explored the 

electromechanical buckling response of 

electrostatic nano-bridges. Li and Pan [23] 

constructed a size-dependent functionally 

graded piezoelectric plate model via 

couple stress theory of elasticity and 

sinusoidal plate theory. Jung et al. [24] 

solved static and eigenvalue problems for 

Sigmoid FG microplates using the 

modified couple stress elasticity theory. 

Sahmani et al. [25] employed Gurtin-

Murdoch surface elasticity theory within 

the framework of third-order shear 

deformation beam theory to analyze free 

vibrations of postbuckled FG nanobeams. 

Kiani [26] established a nonlocal integro-

differential model including surface free 

energy effects for free longitudinal 

vibration of FG nanorods. Sahmani et al. 

[27] anticipated the influence of the 

surface free energy on the axial 

postbuckling response of piezoelectric 

nanoshells. Mashrouteh et al. [28] 

investigated the higher modes of nonlinear 

free vibration of a fluid-conveying 

microtubes based on the modified couple 

stress theory. Sahmani and Aghdam [29] 

predicted the size-dependent nonlinear 

vibrations of pre- and post-buckled of FG 

composite nanobeams. Nguyen [30] used 
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the modified couple stress theory of 

elasticity to perform isogeometric analysis 

based on a novel quasi-3D shear 

deformation theory for size-dependent 

behaviors of FG microplates. Sahmani and 

Aghdam [31-33] employed the nonlocal 

strain gradient theory of elasticity to 

analyze the nonlinear instability of 

multilayer FG composite nanoplates and 

nanoshells under compressive mechanical 

load. Simsek and Aydin [34] predicted the 

size-dependent static bending and forced 

vibration of an imperfect functionally 

graded microplate via couple stress 

elasticity theory. Sahmani et al. [35] 

developed a size-dependent shell model 

based on the Gurtin-Murdoch elasticity 

theory to capture the surface free energy 

effect on the buckling behavior of silicon 

nanoshells. Sahmani and Fattahi [36] used 

molecular dynamics simulation to calibrate 

the constructed nonlocal plate for biaxial 

instability analysis of 3D metallic carbon 

nanosheets. They also employed the 

nonlocal theory of elasticity and surface 

elasticity to examine the mechanical 

characteristics of various nanostructures 

under different loading conditions [37-42]. 

   Generally, in the previous investigations, 

it has been observed that the size effect in 

type of stress nonlocality has a softening-

stiffness influence, while the strain 

gradient size dependency leads to a 

hardening-stiffness effect. Accordingly, 

Lim et al. [43] proposed a new size-

dependent elasticity theory namely as 

nonlocal strain gradient theory which 

includes the both softening and stiffening 

influences to describe the size dependency 

in a more accurate way. Subsequently, a 

few studies have been performed on the 

basis of nonlocal strain gradient elasticity 

theory. Li and Hu [44] reported the size-

dependent critical buckling loads of 

nonlinear Euler-Bernoulli nanobeams 

based upon nonlocal strain gradient theory 

of elasticity. They also presented the size-

dependent frequency of wave motion on 

fluid-conveying carbon nanotubes via 

nonlocal strain gradient theory [45]. Yang 

et al. [46] established a nonlocal strain 

gradient beam model to evaluate the 

critical voltages corresponding to pull-in 

instability FG carbon nanotube reinforced 

actuators at nanoscale. Li et al. [47] 

developed a nonlocal strain gradient 

Timoshenko beam model for free vibration 

analysis of a nanobeam made of two-

constituent FG material. Simsek [48] used 

nonlocal strain gradient theory to capture 

the size effects on the nonlinear natural 

frequencies of FGM Euler-Bernoulli 

nanobeams. Farajpour et al. [49] proposed 

a new size-dependent plate model for 

buckling of orthotropic nanoplates based 

on nonlocal strain gradient elasticity 

theory. Sahmani and Aghdam [50-52] 

utilized the nonlocal strain gradient theory 

of elasticity to analyze the size dependency 

in mechanical characteristics of the 

microtubule in a living ell. Lu et al. [53] 

implemented the nonlocal strain gradient 

theory of elasticity in the both Euler-

Bernoulli and Timoshenko beam theories 

to analyze the bending and buckling 

behaviors of nanobeams. Sahmani and 

Aghdam [54] developed a nonlocal strain 

gradient shell model for size-dependent 

postbuckling analysis of magneto-electro-

elastic composite nanoshells. Sahmani et 

al. [55,56] developed a nonlocal strain 

gradient plate model for the nonlinear 

instability and vibration responses of 

functionally graded porous micro/nano-

plates reinforced with GPLs. Sahmani and 

Fattahi [57] employed the nonlocal strain 

gradient elasticity theory for buckling and 

postbuckling analysis of axially loaded 

functionally graded nanoshells. Moreover, 

the integral based nonlocal model has been 

also utilized in the nonlocal strain gradient 

elasticity. For instance, Zhu and Li [58,59] 

employed the integral based type of the 

nonlocal elasticity theory to analyze the 

mechanical characteristics as well as 

dynamics of rods at nanoscale.  

   In the current paper, size dependency in 

nonlinear vibrational response of 

multilayer functionally graded GPLRC 

nanobeams is studied. To this end, the 
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nonlocal strain gradient theory of elasticity 

is utilized within the third-order shear 

deformation beam theory. On the basis of 

the variational approach, the size-

dependent governing differential equations 

of motion are constructed. Subsequently, a 

two-stepped perturbation technique in 

conjunction with the Galerkin method is 

employed to propose explicit analytical 

expressions for nonlocal strain gradient 

nonlinear frequency of multilayer 

functionally graded GPLRC nanobeams. 

 

2. SIZE-DEPENDENT THIRD-ORDER 

SHEAR DEFORMABLE BEAM 

MODEL 

   In Figure 1, a six-layer functionally 

graded GPLRC nanobeam with length 𝐿, 

width 𝑏, thickness ℎ and the attached 

coordinate system is illustrated 

schematically. The thicknesses of all six 

layers are assumed to be the same equal to 

ℎ𝑙 = ℎ/6. For the multilayer functionally 

graded GPLRC nanobeam, the weight 

fraction of GPLs changes layerwise in 

accordance with a specific dispersion 

pattern. As it is shown in Figure 1, three 

different GPL dispersion patterns namely 

as X-GPLRC, O-GPLRC and A-GPLRC in 

addition to the uniform one (U-GPLRC) 

are taken into consideration. As a result, 

the GPL volume fraction of k-th layer 

corresponding to each type of the GPL 

dispersion pattern can be expressed as [7] 

𝑈 − 𝐺𝑃𝐿𝑅𝐶:     𝑉𝐺𝑃𝐿
(𝑘)

= 𝑉𝐺𝑃𝐿
∗  

𝑋 − 𝐺𝑃𝐿𝑅𝐶:     𝑉𝐺𝑃𝐿
(𝑘)

= 2𝑉𝐺𝑃𝐿
∗ (

|2𝑘 − 𝑛𝐿 − 1|

𝑛𝐿
) 

𝑂 − 𝐺𝑃𝐿𝑅𝐶:     𝑉𝐺𝑃𝐿
(𝑘)

= 2𝑉𝐺𝑃𝐿
∗ (1 −

|2𝑘 − 𝑛𝐿 − 1|

𝑛𝐿
) 

𝐴 − 𝐺𝑃𝐿𝑅𝐶:     𝑉𝐺𝑃𝐿
(𝑘)

= 𝑉𝐺𝑃𝐿
∗ (

2𝑘 − 1

𝑛𝐿
)         (1) 

where 𝑛𝐿 denotes the total number of 

layers and 𝑉𝐺𝑃𝐿
∗  represents the total GPL 

volume fraction of nanobeam which can be 

evaluated as 

 

 
 

Figure 1. Schematic representation of a 

multilayer GPLRC nanobeam with 

different patterns of GPL dispersion 

 

 

𝑉𝐺𝑃𝐿
∗ =

𝑊𝐺𝑃𝐿

𝑊𝐺𝑃𝐿 + (
𝜌𝐺𝑃𝐿

𝜌𝑚
) (1 − 𝑊𝐺𝑃𝐿)

              (2) 

in which 𝜌𝐺𝑃𝐿 and 𝜌𝑚 denote, respectively, 

the mass densities of GPLs and the 

polymer matrix of the nanobeam made 

from nanocomposite, and 𝑊𝐺𝑃𝐿 is the GPL 

weight fraction. 

   In accordance with the Halpin-Tsai 

scheme [60], the Young's modulus relevant 

to k-th layer of the nanocomposite material 

with randomly oriented nanofillers can be 

extracted as 

𝐸(𝑘) = (
3

8

1 + 𝜆𝐿𝜂𝐿𝑉𝐺𝑃𝐿
(𝑘)

1 − 𝜂𝐿𝑉𝐺𝑃𝐿
(𝑘)

+
5

8

1 + 𝜆𝑇𝜂𝑇𝑉𝐺𝑃𝐿
(𝑘)

1 − 𝜂𝑇𝑉𝐺𝑃𝐿
(𝑘)

) 𝐸𝑚       (3) 

where 𝐸𝑚 denotes the Young's modulus of 

the polymer matrix, and 

𝜂𝐿 =

𝐸𝐺𝑃𝐿

𝐸𝑚
− 1

𝐸𝐺𝑃𝐿

𝐸𝑚
+ 𝜆𝐿

   ,   𝜂𝑇 =

𝐸𝐺𝑃𝐿

𝐸𝑚
− 1

𝐸𝐺𝑃𝐿

𝐸𝑚
+ 𝜆𝑇

 

𝜆𝐿 =
2𝐿𝐺𝑃𝐿

ℎ𝐺𝑃𝐿
   ,   𝜆𝑇 =

2𝑏𝐺𝑃𝐿

ℎ𝐺𝑃𝐿
                           (4) 
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in which 𝐸𝐺𝑃𝐿 , 𝐿𝐺𝑃𝐿 , 𝑏𝐺𝑃𝐿 , ℎ𝐺𝑃𝐿 in order are 

the Young's modulus, length, width and 

thickness of GPL nanofiller. 

   On the other hand, based on the rule of 

mixture [61], the Poisson's ratio and mass 

density of the k-th layer of the multilayer 

functionally graded GPLRC nanobeam can 

be obtained as 

𝜈(𝑘) = 𝜈𝑚 (1 − 𝑉𝐺𝑃𝐿
(𝑘)

) + 𝜈𝐺𝑃𝐿𝑉𝐺𝑃𝐿
(𝑘)

 

𝜌(𝑘) = 𝜌𝑚 (1 − 𝑉𝐺𝑃𝐿
(𝑘)

) + 𝜌𝐺𝑃𝐿𝑉𝐺𝑃𝐿
(𝑘)

                (5) 

in which 𝜈𝑚 and 𝜈𝐺𝑃𝐿 stand for the 

Poisson's ratios of the polymer matrix and 

GPL nanofiller, respectively. 

    Based upon the third-order shear 

deformation beam theory, the displacement 

components along different coordinate 

directions take the following forms 

𝑢𝑥(𝑥, 𝑧, 𝑡) = 𝑢(𝑥, 𝑡) + 𝑧𝜓(𝑥, 𝑡)

−
4𝑧3

3ℎ2
(𝜓(𝑥, 𝑡) +

𝜕𝑤(𝑥, 𝑡)

𝜕𝑥
) 

𝑢𝑦(𝑥, 𝑧, 𝑡) = 0                                                    (6) 

𝑢𝑧(𝑥, 𝑧, 𝑡) = 𝑤(𝑥, 𝑡) 

where 𝑢, 𝑣 and 𝑤 are the displacement 

components of the multilayer functionally 

graded GPLRC nanobeam along x-, y- and 

z-axis, respectively. Additionally, 𝜓 is the 

rotation relevant to the cross section of 

nanobeam at neutral plane normal about y-

axis. 

   Subsequently, the non-zero strain 

components can be given as 

𝜀𝑥𝑥 = 𝜀𝑥𝑥
0 + 𝑧 (𝜅𝑥𝑥

(0)
+ 𝑧2𝜅𝑥𝑥

(2)
)

=
𝜕𝑢

𝜕𝑥
+

1

2
(

𝜕𝑤

𝜕𝑥
)

2

+ 𝑧
𝜕𝜓

𝜕𝑥

−
4𝑧3

3ℎ2 (
𝜕𝜓

𝜕𝑥
+

𝜕2𝑤

𝜕𝑥2 )            (7) 

𝛾𝑥𝑧 = 𝛾𝑥𝑧
0 + 𝑧2𝜅𝑥𝑧

(2)

= 𝜓 +
𝜕𝑤

𝜕𝑥
−

4𝑧2

ℎ2
(𝜓 +

𝜕𝑤

𝜕𝑥
) 

in which 𝜀𝑥𝑥
0 ,𝛾𝑥𝑧

0   represent the mid-plane 

strain components, 𝜅𝑥𝑥
(0)

 is the first-order 

curvature component, and 𝜅𝑥𝑥
(2)

, 𝜅𝑥𝑧
(2)

 are the 

higher-order curvature components. 

   As it was mentioned before, both of the 

hardening-stiffness and stiffening-stiffness 

influences have been observed in the 

previous size-dependent analyses of 

nanostructures. Motivated by this fact, Lim 

et al. [43] proposed a new unconventional 

continuum theory namely as nonlocal 

strain gradient elasticity theory which 

takes simultaneously the nonlocal and 

strain gradient size effects into account. 

Therefore, the total nonlocal strain gradient 

stress tensor 𝛬 for a beam-type structure 

can be expressed as below [43] 

𝛬𝑥𝑥 = 𝜎𝑥𝑥 −
∂𝜎𝑥𝑥

∗

∂𝑥
                                          (8𝑎) 

𝛬𝑥𝑧 = 𝜎𝑥𝑧 −
∂𝜎𝑥𝑧

∗

∂𝑥
                                           (8𝑏) 

where 𝜎 and 𝜎∗ in order denote the stress 

and higher-order stress tensors which can 

be defined as 

𝜎𝑖𝑗 = ∫ {𝜚1(|𝒳′ − 𝒳|)𝐶𝑖𝑗𝑘𝑙𝜀𝑘𝑙(𝒳′)}𝑑𝛺
𝛺

     (9) 

𝜎𝑖𝑗
∗ = 𝑙2 ∫ {𝜚2(|𝒳′ − 𝒳|)𝐶𝑖𝑗𝑘𝑙

𝜕𝜀𝑘𝑙(𝒳′)

𝜕𝑥
} 𝑑𝛺

𝛺

 

 

in which 𝐶 is the elastic matrix, 𝜚1and 𝜚2 

in order are the principal attenuation kernel 

function including the nonlocality and the 

additional kernel function associated with 

the nonlocality effect of the first-order 

strain gradient field, 𝒳 and 𝒳′ represent, 

respectively, a point and any point else in 

the body, and 𝑙 stands for the internal 

strain gradient length scale parameter. 

Following the method of Eringen, the 

constitutive relationship corresponding to 

the total nonlocal strain gradient stress 

tensor of a beam-type structure can be 

written as 

(1 − 𝜇2
𝜕2

𝜕𝑥2) 𝛬𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙𝜀𝑘𝑙 − 𝑙2𝐶𝑖𝑗𝑘𝑙

𝜕2𝜀𝑘𝑙

𝜕𝑥2
 

(10) 

in which 𝜇 represents the nonlocal 

parameter. Therefore, the nonlocal strain 

gradient constitutive relations for each 

individual layer 𝑘 of a multilayer 

functionally graded GPLRC nanobeam can 

be expressed as 
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(1 − 𝜇2
𝜕2

𝜕𝑥2) {
𝜎𝑥𝑥

𝜎𝑥𝑧

}
(𝑘)

= (1 − 𝑙2
𝜕2

𝜕𝑥2) [
𝑄11

(𝑘)
0

0 𝑄44
(𝑘)

] {
𝜀𝑥𝑥

𝛾𝑥𝑧

}
(𝑘)

     (11) 

where 

𝑄11
(𝑘)

=
𝐸(𝑘)

1 − (𝜈(𝑘))2
 , 𝑄44

(𝑘)
=

𝐸(𝑘)

2(1 + 𝜈(𝑘))
 (12) 

   Thus, within the framework of the 

nonlocal strain gradient third-order shear 

deformable beam model, the total strain 

energy of a multilayer functionally graded 

GPLRC nanobeam is as below 

𝛱𝑠 =
1

2
∫ ∫ {𝜎𝑖𝑗𝜀𝑖𝑗 + 𝜎𝑖𝑗

∗ ∇𝜀𝑖𝑗}𝑑𝑧

ℎ

2

−
ℎ

2

𝑑𝑥
𝐿

0

=
1

2
∫ {𝑁𝑥𝑥𝜀𝑥𝑥

0 + 𝑀𝑥𝑥𝜅𝑥𝑥
(0)

+ 𝑅𝑥𝑥𝜅𝑥𝑥
(2)

𝐿

0

+ 𝑄𝑥𝛾𝑥𝑧
0 + 𝑆𝑥𝜅𝑥𝑧

(2)
} 𝑑𝑥                                   (13) 

where the stress resultants are in the 

following forms 

𝑁𝑥𝑥 − 𝜇2
𝜕2𝑁𝑥𝑥

𝜕𝑥2

= 𝐴11
∗ (𝜀𝑥𝑥

0 − 𝑙2
𝜕2𝜀𝑥𝑥

0

𝜕𝑥2 )

+ 𝐵11
∗ (𝜅𝑥𝑥

(0)
− 𝑙2

𝜕2𝜅𝑥𝑥
(0)

𝜕𝑥2
)

+ 𝐷11
∗ (𝜅𝑥𝑥

(2)
− 𝑙2

𝜕2𝜅𝑥𝑥
(2)

𝜕𝑥2
)  

𝑀𝑥𝑥 − 𝜇2
𝜕2𝑀𝑥𝑥

𝜕𝑥2

= 𝐵11
∗ (𝜀𝑥𝑥

0 − 𝑙2
𝜕2𝜀𝑥𝑥

0

𝜕𝑥2 )

+ 𝐶11
∗ (𝜅𝑥𝑥

(0)
− 𝑙2

𝜕2𝜅𝑥𝑥
(0)

𝜕𝑥2
)

+ 𝐹11
∗ (𝜅𝑥𝑥

(2)
− 𝑙2

𝜕2𝜅𝑥𝑥
(2)

𝜕𝑥2
) 

𝑅𝑥𝑥 − 𝜇2
𝜕2𝑅𝑥𝑥

𝜕𝑥2
= 𝐷11

∗ (𝜀𝑥𝑥
0 − 𝑙2

𝜕2𝜀𝑥𝑥
0

𝜕𝑥2 )

+ 𝐹11
∗ (𝜅𝑥𝑥

(0)
− 𝑙2

𝜕2𝜅𝑥𝑥
(0)

𝜕𝑥2
)

+ 𝐻11
∗ (𝜅𝑥𝑥

(2)
− 𝑙2

𝜕2𝜅𝑥𝑥
(2)

𝜕𝑥2
) 

𝑄𝑥 − 𝜇2
𝜕2𝑄𝑥

𝜕𝑥2
= 𝐴44

∗ (𝛾𝑥𝑧
0 − 𝑙2

𝜕2𝛾𝑥𝑧
0

𝜕𝑥2 )

+ 𝐶44
∗ (𝜅𝑥𝑧

(2)
− 𝑙2

𝜕2𝜅𝑥𝑧
(2)

𝜕𝑥2
) 

𝑆𝑥 − 𝜇2
𝜕2𝑆𝑥

𝜕𝑥2
= 𝐶44

∗ (𝛾𝑥𝑧
0 − 𝑙2

𝜕2𝛾𝑥𝑧
0

𝜕𝑥2 )

+ 𝐹44
∗ (𝜅𝑥𝑧

(2)
− 𝑙2

𝜕2𝜅𝑥𝑧
(2)

𝜕𝑥2
) (14) 

in which 

{𝑁𝑥𝑥, 𝑀𝑥𝑥, 𝑅𝑥𝑥} = ∑ (∫ 𝛬𝑥𝑥
(𝑘){1, 𝑧, 𝑧3}𝑑𝑧

𝑧𝑘

𝑧𝑘−1

)

𝑛𝐿

𝑘=1

 

{𝑄𝑥 , 𝑆𝑥} = ∑ (∫ 𝛬𝑥𝑧
(𝑘){1, 𝑧2}𝑑𝑧

𝑧𝑘

𝑧𝑘−1

)

𝑛𝐿

𝑘=1

        (15) 

and 

{𝐴11
∗ , 𝐵11

∗ , 𝐶11
∗ , 𝐷11

∗ , 𝐹11
∗ , 𝐻11

∗ }

= 𝑏 ∑ (𝑄11
(𝑘)

∫ {1, 𝑧, 𝑧2, 𝑧3, 𝑧4, 𝑧6}𝑑𝑧
𝑧𝑘

𝑧𝑘−1

)

𝑛𝐿

𝑘=1

 

{𝐴44
∗ , 𝐶44

∗ , 𝐹44
∗ }

= 𝑏 ∑ (𝑄44
(𝑘)

∫ {1, 𝑧2, 𝑧4}𝑑𝑧
𝑧𝑘

𝑧𝑘−1

)

𝑛𝐿

𝑘=1

                (16) 

   Also, the kinetic energy of a multilayer 

functionally graded GPLRC nanobeam 

modeled via the nonlocal strain gradient 

third-order shear deformable beam model 

can be expressed as 

𝛱𝑇 =
1

2
∫ ∫ 𝜌 {(

𝜕𝑢𝑥

𝜕𝑡
)

2

+ (
𝜕𝑢𝑧

𝜕𝑡
)

2

} 𝑑𝑧

ℎ

2

−
ℎ

2

𝑑𝑥
𝐿

0

=
1

2
∫ {𝐼0 (

𝜕𝑢

𝜕𝑡
)

2

−
8

3ℎ2
𝐼3

𝜕𝑢

𝜕𝑡

𝜕2𝑤

𝜕𝑥𝜕𝑡

𝐿

0

+ (2𝐼1 −
8

3ℎ2
𝐼3)

𝜕𝑢

𝜕𝑡

𝜕𝜓

𝜕𝑡
+

16

9ℎ4
𝐼6 (

𝜕2𝑤

𝜕𝑥𝜕𝑡
)

2

+ (
16

9ℎ4
𝐼6 −

4

3ℎ2
𝐼4)

𝜕2𝑤

𝜕𝑥𝜕𝑡

𝜕𝜓

𝜕𝑡

+ (𝐼2 −
8

3ℎ2
𝐼4 +

16

9ℎ4
𝐼6) (

𝜕𝜓

𝜕𝑡
)

2

+ 𝐼0 (
𝜕𝑤

𝜕𝑥
)

2

} 𝑑𝑥                                                  (17) 

where 
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{𝐼0, 𝐼1, 𝐼2, 𝐼3, 𝐼4, 𝐼6}

= 𝑏 ∑ (𝜌(𝑘) ∫ {1, 𝑧, 𝑧2, 𝑧3, 𝑧4, 𝑧6}𝑑𝑧
𝑧𝑘

𝑧𝑘−1

)

𝑛𝐿

𝑘=1

 (18) 

   In addition, the work done by the 

transverse force 𝓆 can be introduced as 

follows 

𝛱𝑤 = ∫ 𝓆(𝑥, 𝑡)𝑤𝑑𝑥
𝐿

0

                                     (19) 

   Now, with the aid of the Hamilton's 

principle, the governing differential 

equations in terms of stress resultants can 

be derived as 

𝜕𝑁𝑥𝑥

𝜕𝑥
= 𝐼0

𝜕2𝑢

𝜕𝑡2
−

4

3ℎ2
𝐼3

𝜕3𝑤

𝜕𝑥𝜕𝑡2

+ (𝐼1 −
4

3ℎ2
𝐼3)

𝜕2𝜓

𝜕𝑡2
      (20𝑎) 

4

3ℎ2

𝜕2𝑅𝑥𝑥

𝜕𝑥2
+

4

ℎ2

𝜕𝑄𝑥

𝜕𝑥
−

4

ℎ2

𝜕𝑆𝑥

𝜕𝑥
+

𝜕𝑁𝑥𝑥

𝜕𝑥

𝜕𝑤

𝜕𝑥

+
𝜕

𝜕𝑥
(𝑁𝑥𝑥

𝜕𝑤

𝜕𝑥
) + 𝓆

=
4

3ℎ2
𝐼3

𝜕2𝑢

𝜕𝑡2
+ 𝐼0

𝜕2𝑤

𝜕𝑡2
−

16

9ℎ4
𝐼6

𝜕4𝑤

𝜕𝑥2𝜕𝑡2

+ (
4

3ℎ2
𝐼4 −

16

9ℎ4
𝐼6)

𝜕3𝜓

𝜕𝑥𝜕𝑡2
                        (20𝑏) 

𝜕𝑀𝑥𝑥

𝜕𝑥
−

4

3ℎ2

𝜕𝑅𝑥𝑥

𝜕𝑥
−

4

ℎ2
𝑄𝑥 +

4

ℎ2
𝑆𝑥

= (𝐼1 −
4

3ℎ2
𝐼3)

𝜕2𝑢

𝜕𝑡2

− (
4

3ℎ2
𝐼4 −

16

9ℎ4
𝐼6)

𝜕3𝑤

𝜕𝑥𝜕𝑡2

+ (𝐼2 −
8

3ℎ2
𝐼4 +

16

9ℎ4
𝐼6)

𝜕2𝜓

𝜕𝑡2
                   (20𝑐) 

   After that, by substitution equation (20a) 

in equations (20b) and (20c), and using 

equation (14), the nonlocal strain gradient 

governing differential equations of motion 

for a multilayer functionally graded 

GPLRC third-order shear deformable 

nanobeam with immovable end conditions 

take the following form 

(1 − 𝑙2
𝜕2

𝜕𝑥2) (𝜑1

𝜕4𝑤

𝜕𝑥4
− 𝜑2

𝜕3𝜓

𝜕𝑥3 )

= (1 − 𝜇2
𝜕2

𝜕𝑥2) (𝓆 + 𝑁𝑥𝑥

𝜕2𝑤

𝜕𝑥2
− 𝐼0

𝜕2𝑤

𝜕𝑡2

+ 𝐼1
∗

𝜕4𝑤

𝜕𝑥2𝜕𝑡2
− 𝐼2

∗
𝜕3𝜓

𝜕𝑥𝜕𝑡2)                          (21𝑎) 

𝜑3

𝜕3𝑤

𝜕𝑥3
+ 𝜑4

𝜕2𝜓

𝜕𝑥2
− 𝜑5 (𝜓 +

𝜕𝑤

𝜕𝑥
)

= 𝐼3
∗

𝜕3𝑤

𝜕𝑥𝜕𝑡2
+ 𝐼4

∗
𝜕2𝜓

𝜕𝑡2
     (21𝑏) 

𝑁𝑥𝑥 =
1

𝐿
∫ {

𝐴11
∗

2
(

𝜕𝑤

𝜕𝑥
)

2

+ 𝐵11
∗

𝜕𝜓

𝜕𝑥

𝐿

0

−
4𝐷11

∗

3ℎ2 (
𝜕𝜓

𝜕𝑥
+

𝜕2𝑤

𝜕𝑥2 )} 𝑑𝑥 

(21𝑐) 

in which 

𝜑1 =
4

3ℎ2 (𝐹11
∗ −

𝐵11
∗ 𝐷11

∗

𝐴11
∗ ) 

𝜑2 = 𝐶11
∗ −

(𝐵11
∗ )2

𝐴11
∗ −

4

3ℎ2 (𝐹11
∗ −

𝐵11
∗ 𝐷11

∗

𝐴11
∗ ) 

𝜑3 = −
4

3ℎ2
(𝐹11

∗ −
𝐵11

∗ 𝐷11
∗

𝐴11
∗

−
4

3ℎ2 (𝐻11
∗ −

(𝐷11
∗ )2

𝐴11
∗ )) 

𝜑4 = 𝐶11
∗ −

(𝐵11
∗ )2

𝐴11
∗ −

8

3ℎ2 (𝐹11
∗ −

𝐵11
∗ 𝐷11

∗

𝐴11
∗ )

−
16

9ℎ4 (𝐻11
∗ −

(𝐷11
∗ )2

𝐴11
∗ ) 

𝜑5 = 𝐴44
∗ −

8

ℎ2
𝐶44

∗ +
16

ℎ4
𝐹44

∗  

𝐼1
∗ =

4

3ℎ2
(𝐼4 −

𝐼1𝐼3

𝐼0
)                                      (22) 

𝐼2
∗ = 𝐼2 −

𝐼1
2

𝐼0
−

4

3ℎ2
(𝐼4 −

4

3ℎ2

𝐼1𝐼3

𝐼0
) 

𝐼3
∗ = 𝐼2 −

𝐼1
2

𝐼0
−

8

3ℎ2
(𝐼4 −

𝐼1𝐼3

𝐼0
)

+
16

9ℎ4 (𝐼6 −
𝐼3

2

𝐼0
) 

𝐼4
∗ = −

4

3ℎ2
(𝐼4 −

𝐼1𝐼3

𝐼0
) +

16

9ℎ4 (𝐼6 −
𝐼3

2

𝐼0
) 

 

 

3. ANALYTICAL SOLVING 

PROCESS FOR ASYMPTATIC 

SOLUTIONS 
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   Before starting the solving process, in 

order to achieve the asymptotic solutions 

for the size-dependent problem, the 

following dimensionless parameters are 

taken into account 

𝑋 =
𝜋𝑥

𝐿
   ,    𝑊 =

𝑤

𝐿
    ,     𝛹 =

𝜓

𝜋
 

𝜏 =
𝜋𝑡

𝐿
√

𝐴00

𝐼00
      ,     𝒫𝑞 =

𝓆𝐿3

𝜋4𝐴00ℎ2
 

{𝑎11
∗ , 𝑏11

∗ , 𝑐11
∗ , 𝑑11

∗ , 𝑓11
∗ , ℎ11

∗ }

= {
𝐿2𝐴11

∗

𝜋2𝐴00ℎ2
,

𝐿𝐵11
∗

𝜋𝐴00ℎ2
,

𝐶11
∗

𝐴00ℎ2
,

𝐿𝐷11
∗

𝜋𝐴00ℎ4
,

𝐹11
∗

𝐴00ℎ4
,

𝐻11
∗

𝐴00ℎ6
} 

{𝑎44
∗ , 𝑐44

∗ , 𝑓44
∗ } = {

𝐴44
∗

𝐴00
,

𝐶44
∗

𝐴00ℎ2
,

𝐹44
∗

𝐴00ℎ4} 

𝒢1 =
𝜇

𝐿
      ,      𝒢2 =

𝑙

𝐿
                                    (23) 

{𝜗1, 𝜗2, 𝜗3, 𝜗4, 𝜗5}

= {
𝜑1

𝐴00ℎ2
,

𝜑2

𝐴00ℎ2
,

𝜑3

𝐴00ℎ2
,

𝜑4

𝐴00ℎ2
,

𝐿2𝜑5

𝜋2𝐴00ℎ2} 

 

{𝐼0̅, 𝐼1̅, 𝐼2̅, 𝐼3̅, 𝐼4̅, 𝐼6̅}

= {
𝐿2𝐼0

𝜋2𝐼00ℎ2
,

𝐿𝐼1

𝜋𝐼00ℎ2
,

𝐼2

𝐼00ℎ2
,

𝐿𝐼3

𝜋𝐼00ℎ4
,

𝐼4

𝐼00ℎ4
,

𝐼6

𝐼00ℎ6} 

where 𝐴00 = 𝐸𝑚𝑏ℎ and 𝐼00 = 𝜌𝑚𝑏ℎ. 

Consequently, the nonlocal strain gradient 

governing differential equations of motion 

for third-order shear deformable multilayer 

functionally graded GPLRC nanobeam can 

be rewritten in dimensionless form as 

below 

(1 − 𝜋2𝒢2
2

∂2

∂𝑋2) (𝜗1

𝜕4𝑊

𝜕𝑋4
− 𝜗2

𝜕3𝛹

𝜕𝑋3 )

= (1 − 𝜋2𝒢1
2

∂2

∂𝑋2) [𝒫𝑞 − 𝐼0̅

𝜕2𝑊

𝜕𝜏2

+ 𝐼1̅
∗

𝜕4𝑊

𝜕𝑋2𝜕𝜏2
− 𝐼2̅

∗
𝜕3𝛹

𝜕𝑋𝜕𝜏2

+ 𝜋 (∫ {
𝑎11

∗

2
(

𝜕𝑊

𝜕𝑋
)

2

+ 𝑏11
∗

𝜕𝛹

𝜕𝑋

𝜋

0

−
4𝑑11

∗

3
(

𝜕𝛹

𝜕𝑋
+

𝜕2𝑊

𝜕𝑋2 )} 𝑑𝑋)
𝜕2𝑊

𝜕𝑋2
]          (24𝑎) 

𝜗3

𝜕3𝑊

𝜕𝑋3
+ 𝜗4

𝜕2𝛹

𝜕𝑋2
− 𝜗5 (𝛹 +

𝜕𝑊

𝜕𝑋
)

= 𝐼3̅
∗

𝜕3𝑊

𝜕𝑋𝜕𝜏2
+ 𝐼4̅

∗
𝜕2𝛹

𝜕𝜏2
    (24𝑏) 

   To continue the solution methodology, 

an improved perturbation method namely 

as two-stepped perturbation technique [62-

72] is employed. To accomplish this 

purpose, the independent variables are 

considered as the summations of the 

solutions corresponding to different orders 

of the first perturbation parameter, 𝜖, as 

below 

�̅�(𝑋, �̂�, 𝜖) = ∑ 𝜖𝑖�̅�𝑖(𝑋, �̂�)

𝑖=1

 

�̅�(𝑋, �̂�, 𝜖) = ∑ 𝜖𝑖�̅�𝑖(𝑋, �̂�)

𝑖=1

                          (25) 

where �̂� = 𝜖𝜏 is taken into account to 

improve the efficiency of the perturbation 

approach for capturing the solution of 

vibration problem. In such a case, the 

nonlocal strain gradient governing 

differential equations of motion become 

(1 − 𝜋2𝒢2
2

∂2

∂𝑋2) (𝜗1

𝜕4�̅�

𝜕𝑋4
− 𝜗2

𝜕3�̅�

𝜕𝑋3 )

= (1 − 𝜋2𝒢1
2

∂2

∂𝑋2) [𝒫𝑞

− 𝜖2 (𝐼0̅

𝜕2�̅�

𝜕�̂�2
− 𝐼1̅

∗
𝜕4�̅�

𝜕𝑋2𝜕�̂�2
+ 𝐼2̅

∗
𝜕3�̅�

𝜕𝑋𝜕�̂�2)

+ 𝜋 (∫ {
𝑎11

∗

2
(

𝜕𝑊

𝜕𝑋
)

2

+ 𝑏11
∗

𝜕𝛹

𝜕𝑋

𝜋

0

−
4𝑑11

∗

3
(

𝜕𝛹

𝜕𝑋
+

𝜕2𝑊

𝜕𝑋2 )} 𝑑𝑋)
𝜕2𝑊

𝜕𝑋2
]          (26𝑎) 

𝜗3

𝜕3�̅�

𝜕𝑋3
+ 𝜗4

𝜕2�̅�

𝜕𝑋2
− 𝜗5 (�̅� +

𝜕�̅�

𝜕𝑋
)

= 𝜖2 (𝐼3̅
∗

𝜕3�̅�

𝜕𝑋𝜕�̂�2

+ 𝐼4̅
∗

𝜕2�̅�

𝜕�̂�2 )                        (26𝑏) 

   It is assumed that the immovable ends of 

multilayer functionally graded GPLRC 
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nanobeams are simply supported and the 

initial conditions are as follow 

�̅�|�̂�=0 = 0     ,     
𝜕�̅�

𝜕�̂�
|

�̂�=0

= 0 

�̅�|�̂�=0 = 0     ,     
𝜕�̅�

𝜕�̂�
|

�̂�=0

= 0                       (27) 

   By inserting equation (25) in equations 

(26a) and (26b) and then collecting the 

expressions with the same order of 𝜖, a set 

of perturbation equations is extracted. 

Afterwards, the asymptotic solutions 

corresponding to each individual variable 

can be obtained as 

�̅�(𝑋, 𝜏, 𝜖) = 𝜖𝐴10
(1)

(𝜏) sin(𝑚𝑋) + 𝑂(𝜖4) 

�̅�(𝑋, 𝜏, 𝜖) = 𝜖𝐵10
(1)(𝜏) sin(𝑚𝑋)

+ 𝜖3𝐵10
(3)

cos(𝑚𝑋) + 𝑂(𝜖4) 

(28) 

𝒫𝑞(𝑋, 𝜏, 𝜖)

= [(
𝑚4𝜉2

𝜉1
(𝜗1 + 𝜗2

𝜗3𝑚2 + 𝜗5

𝜗4𝑚2 + 𝜗5
)) (𝜖𝐴10

(1)
(𝜏))

+ (𝐼0̅ + 𝑚2 (𝐼1̅
∗ +

𝐼2̅
∗𝜉2

𝜉1

𝜗3𝑚2 + 𝜗5

𝜗4𝑚2 + 𝜗5
)

−
𝜗3𝑚4𝜉2

(𝜗4𝑚2 + 𝜗5)𝜉1
(𝐼3̅

∗

− 𝐼4̅
∗

𝜗3𝑚2 + 𝜗5

𝜗4𝑚2 + 𝜗5
))

𝜕2 (𝜖𝐴10
(1)(𝜏))

𝜕𝜏2 ] sin(𝑚𝑋)

+ (
𝜋2𝑚4𝑎11

∗

4
) (𝜖𝐴10

(1)(𝜏))
3

sin(𝑚𝑋) + 𝑂(𝜖4) 

where 

𝜉1 = 1 + 𝜋2𝑚2𝒢1
2 

𝜉2 = 1 + 𝜋2𝑚2𝒢2
2                                    (29) 

   Related to the free vibration analysis, one 

will have 𝒫𝑞 = 0. As a result, after 

applying the Galerkin method, it yields 

[
𝑚4𝜉2

𝜉1
(𝜗1 + 𝜗2

𝜗3𝑚2 + 𝜗5

𝜗4𝑚2 + 𝜗5
)] (𝜖𝐴10

(1)(𝜏))

+ [𝐼0̅ + 𝑚2 (𝐼1̅
∗ +

𝐼2̅
∗𝜉2

𝜉1

𝜗3𝑚2 + 𝜗5

𝜗4𝑚2 + 𝜗5
)

−
𝜗3𝑚4𝜉2

(𝜗4𝑚2 + 𝜗5)𝜉1
(𝐼3̅

∗

− 𝐼4̅
∗

𝜗3𝑚2 + 𝜗5

𝜗4𝑚2 + 𝜗5
)]

𝜕2 (𝜖𝐴10
(1)(𝜏))

𝜕𝜏2

+ (
𝜋2𝑚4𝑎11

∗

4
) (𝜖𝐴10

(1)(𝜏))
3

= 0           (30) 

   As a consequence, the nonlinear nonlocal 

strain gradient frequency of the multilayer 

functionally graded GPLRC nanobeam can 

be calculated by an explicit analytical 

expression as follows 
𝜔𝑁𝐿

= 𝜔𝐿√1 +
3 (

𝜋2𝑚4𝑎11
∗

4
)

4 [
𝑚4𝜉2

𝜉1
(𝜗1 + 𝜗2

𝜗3𝑚2+𝜗5

𝜗4𝑚2+𝜗5
)]

𝑊𝑚𝑎𝑥
2  

(31) 
where the linear nonlocal strain gradient 

natural frequency can be defined as 
𝜔𝐿

= √

𝑚4𝜉2

𝜉1
(𝜗1 + 𝜗2

𝜗3𝑚2+𝜗5

𝜗4𝑚2+𝜗5
)

𝐼0̅ + 𝑚2 (𝐼1̅
∗ +

𝐼2̅
∗𝜉2

𝜉1

𝜗3𝑚2+𝜗5

𝜗4𝑚2+𝜗5
) −

𝜗3𝑚4𝜉2

(𝜗4𝑚2+𝜗5)𝜉1
(𝐼3̅

∗ − 𝐼4̅
∗ 𝜗3𝑚2+𝜗5

𝜗4𝑚2+𝜗5
)
 

(32) 

and 𝑊𝑚𝑎𝑥 stands for the dimensionless 

maximum deflection of nanobeam. 

 

4. NUMERICAL RESULTS AND 

DISCUSSION 
   The geometric parameters of the 

multilayer functionally graded GPLRC 

nanobeams are selected as ℎ = 3 𝑛𝑚 for 

𝑛𝐿 =, 𝑏 = ℎ , 𝐿 = 20ℎ, ℎ𝐺𝑃𝐿 = 0.34 𝑛𝑚, 

𝐿𝐺𝑃𝐿 = 5 𝑛𝑚, and 𝑏𝐺𝑃𝐿 = 2.5 𝑛𝑚. The 

material properties of the polymer matrix 

and GPL nanofillers are given in Table 1. 

      Firstly, the validity as well as the 

accuracy of the present solution 

methodology is checked. 
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Table 1. Material properties of the 

polymer matrix and GPL nanofillers 

[73,74]. 
𝑬𝑮𝑷𝑳 (𝑻𝑷𝒂) 1.01 

𝝂𝑮𝑷𝑳 0.186 

𝝆𝑮𝑷𝑳 (𝑲𝒈/𝒎𝟑)  1062.5 

𝑬𝒎 (𝑮𝑷𝒂) 3 

𝝂𝒎 0.34 

𝝆𝒎 (𝑲𝒈/𝒎𝟑) 1200 

 

   In accordance with the best authors' 

knowledge, there is no investigation in 

which the nonlocal strain gradient 

nonlinear vibration of nanobeams is 

studied. Therefore, in Table 2, the nonlocal 

nonlinear frequency ratio (𝜔𝑁𝐿/𝜔𝐿) for an 

isotropic homogeneous simply supported 

nanobeam is given and compared with 

those presented by Yang et al. [75] using 

differential quadrature method. A very 

good agreement is found which confirms 

the validity as well as accuracy of the 

present solution methodology. 

   Presented in Figure 2 is the 

dimensionless variation of nonlinear 

frequency to linear frequency ratio with 

maximum deflection (vibration amplitude) 

Table 2. Comparison of nonlocal 

nonlinear frequency ratios (𝜔𝑁𝐿/𝜔𝐿) for 

an isotropic homogenous simply supported 

nanobeam corresponding to different 

maximum deflections (𝒢1 = 0.15). 

𝑤𝑚𝑎𝑥/√𝐼/𝐴 
Present 

solution 
Ref. [75] 

1 1.10662 1.11920 

2 1.40244 1.41801 

3 1.78701 1.80919 

4 2.22994 2.24511 

5 2.69028 2.70429 

 

of multilayer functionally graded GPLRC 

nanobeam corresponding to different small 

scale parameters. It can be observed that 

the nonlocality causes to increase the slope 

of variation, while the strain gradient size 

dependency leads to reduce it. 

Furthermore, it is revealed that by moving 

to deeper nonlinear regime (increasing the 

vibration amplitude of nanobeam), both 

types of the small scale effect plays more 

important role in the value of nonlinear 

frequency to linear frequency ratio of 

multilayer functionally graded GPLRC 

nanobeams, so the gap between different 

curves increases. 
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Figure 2. Variation of nonlinear frequency to linear frequency ratio with vibration amplitude 

of multilayer U-GPLRC nanobeams corresponding to various small scale parameters (𝑉𝐺𝑃𝐿
∗ =

0.3): (a) 𝑙 = 0 𝑛𝑚, (b) 𝜇 = 0 𝑛𝑚. 

 

 
 

 

 

 

 

 

 

 

 

Figure 3. Variation of nonlinear frequency to linear frequency ratio with vibration amplitude 

of multilayer functionally graded GPLRC nanobeams corresponding to various small scale 

parameters and GPL dispersion patterns (𝑉𝐺𝑃𝐿
∗ = 0.3, 𝑙 = 0 𝑛𝑚). 

 

   Figures 3 and 4 depict the dimensionless 

variation of nonlinear frequency to linear 

frequency ratio with the maximum 

deflection (vibration amplitude) of 

multilayer functionally graded GPLRC 

nanobeams with various GPL dispersion 

patterns including nonlocality size effect 

and strain gradient size dependency, 

respectively. It can be seen that among 

different patterns of GPL dispersion, for 

X-GPLRC and O-GPLRC nanobeams, the 

slope of variation of the frequency ratio 

with vibration amplitude of nanobeams 

becomes, respectively, minimum and 

maximum. In other words, by changing the 

dispersion pattern from uniform one to X-
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GPLRC and O-GPLRC ones, the role of 

geometrical nonlinearity on the free 

vibration behavior of the multilayer 

functionally graded nanobeam decreases 

and increases, respectively. This 

anticipation is similar corresponding to 

both of the small scale effects with 

different values. 

 
 

 

 

 

 

 

 

 

 

 

Figure 4. Variation of nonlinear frequency to linear frequency ratio with vibration amplitude 

of multilayer functionally graded GPLRC nanobeams corresponding to various small scale 

parameters and GPL dispersion patterns (𝑉𝐺𝑃𝐿
∗ = 0.3, 𝜇 = 0 𝑛𝑚). 

 

    In Table 3, the dimensionless nonlinear 

frequency of multilayer functionally 

graded GPLRC nanobeams with different 

patterns of GPL dispersion and 

corresponding to various values of 

vibration amplitude and small scale 

parameters. The percentages given in 

parentheses represent the difference 

between the size-dependent and the 

classical (𝜇 = 𝑙 = 0 𝑛𝑚) nonlinear 

frequencies. It is revealed that for all GPL 

dispersion patterns and various vibration 

amplitudes, the strain gradient size effect 

on the nonlinear frequency of GPLRC 

nanobeams is a bit more than that of 

nonlocality with the same value of small 
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scale parameter. Furthermore, it is seen 

that at zero vibration amplitude, the pattern 

of GPL dispersion has no influence on the 

significance of the size dependencies, so 

the percentages are similar corresponding 

to each value of small scale parameter. 

However, by taking the large vibration 

amplitude into account, both of the 

nonlocality and strain gradient size effects 

on the nonlinear frequency of O-GPLRC 

and X-GPLRC nanobeams are minimum 

and maximum, respectively. 

 

Table 3. Size-dependent dimensionless nonlinear frequencies of multilayer GPLRC 

nanobeams with different patterns of GPL dispersion and corresponding to various small 

scale parameters and vibrations amplitudes (𝑉𝐺𝑃𝐿
∗ = 0.3). 

Small scale 

parameters 
U-GPLRC X-GPLRC O-GPLRC A-GPLRC 

𝑾𝒎𝒂𝒙 = 𝟎  ,   𝒍 = 𝟎 𝒏𝒎 

𝝁 = 𝟎 𝒏𝒎 0.1628 0.2190 0.1233 0.1882 

𝝁 = 𝟏 𝒏𝒎 0.1619 (-0.544%) 0.2175 (-0.544%) 0.1226 (-0.544%) 0.1871 (-0.544%) 

𝝁 = 𝟐 𝒏𝒎 0.1594 (-2.125%) 0.2143 (-2.125%) 0.1207 (-2.125%) 0.1842 (-2.125%) 

𝝁 = 𝟑 𝒏𝒎 0.1553 (-4.597%) 0.2089 (-4.597%) 0.1176 (-4.597%) 0.1795 (-4.597%) 

𝝁 = 𝟒 𝒏𝒎 0.1502 (-7.765%) 0.2020 (-7.765%) 0.1137 (-7.765%) 0.1735 (-7.765%) 

𝑾𝒎𝒂𝒙 = 𝟎. 𝟎𝟏  ,   𝒍 = 𝟎 𝒏𝒎 

𝝁 = 𝟎 𝒏𝒎 0.1700 0.2253 0.1342 0.1956 

𝝁 = 𝟏 𝒏𝒎 0.1692 (-0.499%) 0.2241 (-0.514%) 0.1335 (-0.459%) 0.1946 (-0.503%) 

𝝁 = 𝟐 𝒏𝒎 0.1667 (-1.947%) 0.2208 (-2.006%) 0.1318 (-1.791%) 0.1918 (-1.964%) 

𝝁 = 𝟑 𝒏𝒎 0.1629 (-4.209%) 0.2155 (-4.338%) 0.1290 (-3.869%) 0.1873 (-4.248%) 

𝝁 = 𝟒 𝒏𝒎 0.1580 (-7.099%) 0.2088 (-7.320%) 0.1254 (-6.516%) 0.1816 (-7.165%) 

𝑾𝒎𝒂𝒙 = 𝟎. 𝟎𝟐  ,   𝒍 = 𝟎 𝒏𝒎 

𝝁 = 𝟎 𝒏𝒎 0.1900 0.2433 0.1625 0.2164 

𝝁 = 𝟏 𝒏𝒎 0.1892 (-0.399%) 0.2422 (-0.441%) 0.1620 (-0.313%) 0.2155 (-0.411%) 

𝝁 = 𝟐 𝒏𝒎 0.1870 (-1.558%) 0.2391 (-1.720%) 0.1605 (-1.219%) 0.2130 (-1.603%) 

𝝁 = 𝟑 𝒏𝒎 0.1836 (-3.360%) 0.2343 (-3.712%) 0.1582 (-2.624%) 0.2089 (-3.459%) 

𝝁 = 𝟒 𝒏𝒎 0.1793 (-5.650%) 0.2281 (-6.249%) 0.1553 (-4.399%) 0.2038 (-5.819%) 

𝑾𝒎𝒂𝒙 = 𝟎  ,   𝝁 = 𝟎 𝒏𝒎 

𝒍 = 𝟎 𝒏𝒎 0.1628 0.2190 0.1233 0.1882 

𝒍 = 𝟏 𝒏𝒎 0.1637 (+0.547%) 0.2202 (+0.547%) 0.1239 (+0.547%) 0.1892 (+0.547%) 

𝒍 = 𝟐 𝒏𝒎 0.1664 (+2.170%) 0.2237 (+2.170%) 0.1259(+2.170%) 0.1922 (+2.170%) 

𝒍 = 𝟑 𝒏𝒎 0.1707 (+4.819%) 0.2295 (+4.819%) 0.1292 (+4.819%) 0.1972 (+4.819%) 

𝒍 = 𝟒 𝒏𝒎 0.1765 (+8.419%) 0.2374 (+8.419%) 0.1337 (+8.419%) 0.2040 (+8.419%) 

𝑾𝒎𝒂𝒙 = 𝟎. 𝟎𝟏  ,   𝝁 = 𝟎 𝒏𝒎 

𝒍 = 𝟎 𝒏𝒎 0.1700 0.2253 0.1342 0.1956 

𝒍 = 𝟏 𝒏𝒎 0.1709 (+0.502%) 0.2265 (+0.517%) 0.1348 (+0.462%) 0.1966 (+0.506%) 

𝒍 = 𝟐 𝒏𝒎 0.1734 (+1.992%) 0.2299 (+2.051%)  0.1366 (+1.836%) 0.1995 (+2.010%) 

𝒍 = 𝟑 𝒏𝒎 0.1776 (+4.429%) 0.2356 (+4.559%) 0.1396 (+4.085%) 0.2043 (+4.468%) 

𝒍 = 𝟒 𝒏𝒎 0.1832 (+7.749%) 0.2432 (+7.972%) 0.1438 (+7.154%) 0.2109 (+7.815%) 

𝑾𝒎𝒂𝒙 = 𝟎. 𝟎𝟐  ,   𝝁 = 𝟎 𝒏𝒎 

𝒍 = 𝒍 𝒍𝒍 0.1900 0.2433 0.1625 0.2164 

𝒍 = 𝒍 𝒍𝒍 0.1908 (+0.403%) 0.2444 (+0.444%) 0.1630 (+0.317%) 0.2173 (+0.414%) 

𝒍 = 𝒍 𝒍𝒍 0.1930 (+1.601%) 0.2476 (+1.763%) 0.1645 (+1.256%) 0.2200 (+1.647%) 

𝒍 = 𝒍 𝒍𝒍 0.1968 (+3.566%) 0.2528 (+3.926%) 0.1670 (+2.805%) 0.2244 (+3.668%) 

𝒍 = 𝒍 𝒍𝒍 0.2019 (+6.258%) 0.2600 (+6.879%) 0.1705 (+4.935%) 0.2303 (+6.434%) 
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Figure 5. Variation of nonlinear frequency with vibration amplitude of multilayer GPLRC 

nanobeams corresponding to various small scale parameters and GPL dispersion patterns 

(𝑙 = 0 𝑛𝑚): (a) U-GPLRC nanobeam, (b) X-GPLRC nanobeam 

 

   In Figures 5 and 6, the influence of GPL 

weight fraction on the nonlinear 

vibrational response of multilayer U-

GPLRC nanobeams including nonlocality 

and strain gradient size dependency, 

respectively, is shown. It can be seen that 

by increasing the value of GPL weight 

fraction, both types of the small scale 

effect become more significant. As a 

result, the gap between the curves 

corresponding to various small scale 

parameters increases. Also, for multilayer 

U-GPLRC nanobeams with higher GPL 

weight fraction, the slope of frequency-

amplitude variation increases. In other 

words, the influence of GPL weight 

fraction on the nonlinear frequency of 

multilayer functionally graded nanobeams 

is more significant at lower vibration 

amplitude. 

   Tabulated in Table 4 are the 

dimensionless nonlinear frequencies of 

multilayer functionally graded GPLRC 

nanobeams with different GPL weight 

fractions and corresponding to various 

values of vibration amplitude and small 

scale parameters. It is found that for U-

GPLRC nanobeam, the value of GPL 

weight fraction has no influence on the 

significance of the size effects on the 

nonlinear frequency at specific vibration 

amplitude. However, by increasing the 

value of GPL weight fraction, both of the 

nonlocal and strain gradient size 

dependencies in the large amplitude 

nonlinear frequency of X-GPLRC and A-

GPLRC nanobeams enhances, but for O-

GPLRC nanobeam, this pattern is vice 

versa. 
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Figure 6. Variation of nonlinear frequency with vibration amplitude of multilayer GPLRC 

nanobeams corresponding to various small scale parameters and GPL dispersion patterns 

(𝜇 = 0 𝑛𝑚): (a) U-GPLRC nanobeam, (b) X-GPLRC nanobeam. 

 

   Figure 7 represents the frequency-

amplitude variation of multilayer 

functionally graded GPLRC nanobeams 

containing GPL nanofillers with different 

length to thickness ratio. It is demonstrated 

by increasing the length to thickness ratio 

of GPL nanofillers, the both of nonlocality 

and strain gradient size dependencies play 

more important role in the nonlinear 

vibration response. Moreover, it is 

observed that by increasing the value of 

𝐿𝐺𝑃𝐿/ℎ𝐺𝑃𝐿, the nonlinear frequency as well 

as the slope of frequency-amplitude 

variation of the multilayer GPLRC 

nanobeams increases. 

 

5. CONCLUDING REMARKS 

   Size-dependent large amplitude 

nonlinear vibration of multilayer 

functionally graded GPLRC nanobeams 

was studied in a more comprehensive way. 

To this purpose, the nonlocal strain 

gradient elasticity theory including both of 

the hardening-stiffness and softening-

stiffness size effects was implemented into 

the third-order shear deformation beam 

theory. Using an improved perturbation 

technique in conjunction with the Galerkin 

method, an explicit analytical expression 

for nonlocal strain gradient nonlinear 

frequency of multilayer functionally 

graded GPLRC nanobeams. 

   It was seen that the nonlocality causes 

the slope increase of the variation of 

nonlinear frequency to linear frequency 

ratio with vibration amplitude, while the 

strain gradient size dependency leads to 

reduce it. Also, by moving to deeper 

nonlinear regime (increasing the vibration 

amplitude of nanobeam), both types of the 

small scale effect plays more important 

role in the value of nonlinear frequency to 

linear frequency ratio of multilayer 

functionally graded GPLRC nanobeams. It 

was presented that for all GPL dispersion 

patterns and various vibration amplitudes, 
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the strain gradient size effect on the 

nonlinear frequency of GPLRC nanobeams 

is a bit more than that of nonlocality with 

the same value of small scale parameter. 
 

Table 4. Size-dependent dimensionless nonlinear frequencies of multilayer GPLRC 

nanobeams with different GPL weight fraction and corresponding to various small scale 

parameters and vibrations amplitudes.  

𝑽𝑮𝑷𝑳
∗  

Small scale 

parameters 

(nm) 

U-GPLRC X-GPLRC O-GPLRC A-GPLRC 

𝑾𝒎𝒂𝒙 = 𝟎 

0.1 

𝑙 = 0  ,   𝜇 = 0 0.0935 0.1101 0.0764 0.0957 

𝑙 = 0  ,   𝜇 = 2 0.0915 (-2.125%) 0.1078 (-2.125%) 0.0748 (-2.125%) 0.0936 (-2.125%) 

𝑙 = 0  ,   𝜇 = 4 0.0862 (-7.765%) 0.1016 (-7.765%) 0.0704 (-7.765%) 0.0882 (-7.765%) 

𝑙 = 2  ,   𝜇 = 0 0.0955 (+2.170%) 0.1125 (+2.170%) 
0.0780 

(+2.170%) 
0.0977 (+2.170%) 

𝑙 = 4  ,   𝜇 = 0 0.1013 (+8.419%) 0.1194 (+8.419%) 
0.0828 

(+8.419%) 
0.1037 (+8.419%) 

0.3 

𝑙 = 0  ,   𝜇 = 0 0.1628 0.2190 0.1233 0.1882 

𝑙 = 0  ,   𝜇 = 2 0.1594 (-2.125%) 0.2143 (-2.125%) 0.1207 (-2.125%) 0.1842 (-2.125%) 

𝑙 = 0  ,   𝜇 = 4 0.1502 (-7.765%) 0.2020 (-7.765%) 0.1137 (-7.765%) 0.1735 (-7.765%) 

𝑙 = 2  ,   𝜇 = 0 0.1664 (+2.170%) 0.2237 (+2.170%) 0.1259(+2.170%) 0.1922 (+2.170%) 

𝑙 = 4  ,   𝜇 = 0 
0.1765 (+8.419%) 0.2374 (+8.419%) 0.1337 

(+8.419%) 

0.2040 (+8.419%) 

𝑾𝒎𝒂𝒙 = 𝟎. 𝟎𝟏 

0.1 

𝑙 = 0  ,   𝜇 = 0 0.0976  0.1137 0.0815 0.0998 

𝑙 = 0  ,   𝜇 = 2 0.0957 (-1.947%) 0.1115 (-1.990%) 0.0800 (-1.864%) 0.0979 (-1.950%) 

𝑙 = 0  ,   𝜇 = 4 0.0907 (-7.099%) 0.1055 (-7.262%) 0.0760 (-6.788%) 0.0927 (-7.111%) 

𝑙 = 2  ,   𝜇 = 0 0.0995 (+1.992%) 0.1161 (+2.036%) 
0.0831 

(+1.909%) 
0.1018 (+1.995%) 

𝑙 = 4  ,   𝜇 = 0 0.1052 (+7.749%) 0.1227 (+7.913%) 
0.0876 

(+7.432%) 
0.1076 (+7.760%) 

0.3 

𝑙 = 0  ,   𝜇 = 0 0.1700 0.2253 0.1342 0.1956 

𝑙 = 0  ,   𝜇 = 2 0.1667 (-1.947%) 0.2208 (-2.006%) 0.1318 (-1.791%) 0.1918 (-1.964%) 

𝑙 = 0  ,   𝜇 = 4 0.1580 (-7.099%) 0.2088 (-7.320%) 0.1254 (-6.516%) 0.1816 (-7.165%) 

𝑙 = 2  ,   𝜇 = 0 
0.1734 (+1.992%) 0.2299 (+2.051%)  0.1366 

(+1.836%) 

0.1995 (+2.010%) 

𝑙 = 4  ,   𝜇 = 0 
0.1832 (+7.749%) 0.2432 (+7.972%) 0.1438 

(+7.154%) 

0.2109 (+7.815%) 

𝑾𝒎𝒂𝒙 = 𝟎. 𝟎𝟐 

0.1 

𝑙 = 0  ,   𝜇 = 0 0.1091 0.1240 0.0952 0.1113 

𝑙 = 0  ,   𝜇 = 2 0.1074 (-1.558%) 0.1219 (-1.674%) 0.0939 (-1.363%) 0.1096 (-1.565%) 

𝑙 = 0  ,   𝜇 = 4 0.1029 (-5.650%) 0.1164 (-6.083%) 0.0905 (-4.930%) 0.1050 (-5.678%) 

𝑙 = 2  ,   𝜇 = 0 0.1108 (+1.601%) 0.1261 (+1.718%) 
0.0966 

(+1.403%) 
0.1131 (+1.608%) 

𝑙 = 4  ,   𝜇 = 0 0.1159 (+6.258%) 0.1323 (+6.707%) 
0.1005 

(+5.501%) 
0.1183 (+6.287%) 

0.3 

𝑙 = 0  ,   𝜇 = 0 0.1900 0.2433 0.1625 0.2164 

𝑙 = 0  ,   𝜇 = 2 0.1870 (-1.558%) 0.2391 (-1.720%) 0.1605 (-1.219%) 0.2130 (-1.603%) 

𝑙 = 0  ,   𝜇 = 4 0.1793 (-5.650%) 0.2281 (-6.249%) 0.1553 (-4.399%) 0.2038 (-5.819%) 

𝑙 = 2  ,   𝜇 = 0 
0.1930 (+1.601%) 0.2476 (+1.763%) 0.1645 

(+1.256%) 

0.2200 (+1.647%) 

𝑙 = 4  ,   𝜇 = 0 
0.2019 (+6.258%) 0.2600 (+6.879%) 0.1705 

(+4.935%) 

0.2303 (+6.434%) 
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Figure 7. Variation of nonlinear frequency with vibration amplitude of multilayer U-GPLRC 

nanobeams including GPL nanofillers with different length to thickness ratios (𝑉𝐺𝑃𝐿
∗ = 0.3): 

(a) 𝑙 = 0 𝑛𝑚, (b) 𝜇 = 0 𝑛𝑚. 

 

   Moreover, it was observed that at zero 

vibration amplitude, the pattern of GPL 

dispersion has no influence on the 

significance of the size dependencies, so 

the percentages are similar corresponding 

to each value of small scale parameter. 

However, by taking the large vibration 

amplitude into account, both of the 

nonlocality and strain gradient size effects 

on the nonlinear frequency of O-GPLRC 

and X-GPLRC nanobeams are minimum 

and maximum, respectively. 

   It was revealed that for U-GPLRC 

nanobeam, the value of GPL weight 

fraction has no influence on the 

significance of the size effects on the 

nonlinear frequency at specific vibration 

amplitude. However, by increasing the 

value of GPL weight fraction, both of the 

nonlocal and strain gradient size 

dependencies in the large amplitude 

nonlinear frequency of X-GPLRC and A-

GPLRC nanobeams enhances, but for O-

GPLRC nanobeam, this pattern is vice 

versa. Additionally, it was shown that by 

increasing the length to thickness ratio of 

GPL nanofillers, the both of nonlocality 

and strain gradient size dependencies play 

more important role in the nonlinear 

vibration response. 
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